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Abstract. We investigate the equivalence between Thirring model and sine-Gordon model in the chirally
broken phase of the Thirring model. This is unlike all other available approaches where the fermion fields
of the Thirring model were quantized in the chiral symmetric phase. In the path integral approach we
show that the bosonized version of the massless Thirring model is described by a quantum field theory
of a massless scalar field and exactly solvable, and the massive Thirring model bosonizes to the sine-
Gordon model with a new relation between the coupling constants. We show that the non-perturbative
vacuum of the chirally broken phase in the massless Thirring model can be described in complete analogy
with the BCS ground state of superconductivity. The Mermin-Wagner theorem and Coleman’s statement
concerning the absence of Goldstone bosons in the 1+ 1-dimensional quantum field theories are discussed.
We investigate the current algebra in the massless Thirring model and give a new value of the Schwinger
term. We show that the topological current in the sine-Gordon model coincides with the Noether current
responsible for the conservation of the fermion number in the Thirring model. This allows one to identify

the topological charge in the sine-Gordon model with the fermion number.

1 Introduction

In 1 4+ 1-dimensional space-time there are two non-
trivial minimal quantum field theories which describe non-
perturbative phenomena: the sine-Gordon (SG) model [1]
and the Thirring model [2]. The SG model is a quan-
tum field theory of a single scalar field J(x) self-coupled
through the dynamics determined by the Lagrangian [3]*

0,9(x)9"0(x) + %(cos 39(x) — 1),

where o and (3 are real positive parameters [3]. The La-
grangian (1.1) is invariant under the transformations

L(x) = L

=3 (1.1)

2mn
/8 b

where n is an integer number running over n = 0, £1, £2,

Ix) = ¥ (z) = 9(z) + (1.2)

The most interesting property of the SG model is the
existence of classical, stable solutions of the equations of
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! Below we follow Coleman’s notation [3]

motion — solitons and anti-solitons [1]. Solitons can annihi-
late with anti-solitons. Many-soliton solutions obey Pauli’s
exclusion principle. As pointed out by Skyrme [4] this can
be interpreted as a fermion-like behavior.
In turn, the Thirring model [2] is a theory of a self-
coupled Dirac field ¢(z) [2,3]
L(z) = P(x) ("0 — m)i(x)

1 -
= ¥ (@) (@) (z)ru(@), (1.3)
where m is the mass of the fermion field and g is a dimen-
sionless coupling constant. The field ¢ (x) is a spinor field
with two components 1 (x) and 12 (z). The v matrices are
defined in terms of the well-known 2 x 2 Pauli matrices
o1, 02 and o3

0

V=01, y'=-ios, ¥ =7""=—io100 = 03(1.4)

These v matrices obey the standard relations

YA A = 29",
Y5 4 Pyt = 0. (1.5)
We use the metric tensor gh¥ defined by ¢%° = —g't =1
and ¢°! = ¢'° = 0. The axial-vector product v*~° can be
expressed in terms of v”

S = —etVy,, (1.6)
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where € is the anti-symmetric tensor defined by €' =
—e'9 = 1. Further, we also use the relation v*y* = g"* +
errayd.

The Lagrangian (1.3) is obviously invariant under
Uv (1) transformations

P(a) s P (2) = V().

For m = 0 the Lagrangian (1.3) is invariant under the
chiral group Uy (1) x Ua(1)

(1.7)

P(x) 5 (x) = V()
Y(x) 2yl (z) = A Y(z),

where ay and «p are real parameters defining global ro-
tations.

As has been shown in [5,6] the massless Thirring model
can be exactly solved in the sense that all correlation
functions can be calculated explicitly. The solution of the
massless Thirring model has been obtained in the tradi-
tional quantum field theoretic way by Klaiber [5] within
the operator technique and within the path integral ap-
proach by Furuya, Gamboa Saravi and Schaposnik [6]
by using the technique of auxiliary vector fields. Within
the path integral approach and without the introduction
of auxiliary vector fields Frohlich and Marchetti [7] have
shown that the evaluation of the Green functions in the
massless Thirring model runs parallel to the evaluation
of the Green functions in the quantum field theory of a
massless scalar field coupled to external sources via SG
model-like couplings.

The problem of the equivalence between the SG and
the Thirring model has a long history. The first discussion
of this topic has been started by Skyrme [4] and contin-
ued by Coleman [3] and Mandelstam [8]. Skyrme argued
that the soliton modes of the SG model possess the prop-
erties of fermion fields and couple through an interaction
of Thirring model type. Coleman suggested a perturbative
approach to the understanding of the equivalence between
the SG and the Thirring model. He developed a perturba-
tion theory with respect to o and m in order to compare
the n-point Green functions in the SG and the massive
Thirring model in coordinate representation. Under the
assumption of the existence of these two theories in the
strict sense of constructive quantum field theory, Coleman
concluded that they should be equivalent if the coupling
constants § and g obey the relation [3]

(1.8)

4 g
2147
CER
and the operators 1(xz) and ¥(z) satisfy the Abelian
bosonization rules [3]

zmito) (255 ) vio) -

(1.9)

_ @ EiBY()
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where the constant Z depends on the regularization [3].
The results obtained by Coleman are fully based on the so-
lution of the massless Thirring model given by Klaiber [5]

(1.10)
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and recovered in a pure Euclidean formulation by Frohlich
and Marchetti [7].

Unlike Coleman’s analysis dealing with Green func-
tions, i.e. matrix elements of some products of field oper-
ators, Mandelstam has undertaken an attempt of an ex-
plicit derivation of the operators being functionals of the
scalar field of the SG model and possessing the proper-
ties of the fermionic field operators. Mandelstam identi-
fied these operators with the interpolating operators of
Thirring fields and showed that these fermionic operators
have a Lagrangian of the Thirring model type.

Recently, another approach to the derivation of the
equivalence between the SG and the Thirring model was
developed by Damgaard, Nielsen and Sollacher [9] and
Thomassen [10] within the so-called smooth bosonization
approach based on the path integral method and using an
enlarged set of field variables. In the smooth bosonization
approach this enlargement of field variables appears via
local chiral rotations [11], where the local chiral phase is
identified with a local pseudoscalar field. Its Lagrangian
is determined by the Jacobian of the fermion path inte-
gral measure depending explicitly on a local chiral phase
[12-17].

The common point of all approaches to the solution of
the massless Thirring model [5-7] and to the derivation of
the equivalence between the SG and the massive Thirring
model [3,9,10] is a quantization of the fermionic system
around the trivial perturbative vacuum.

In order to justify our statement we suggest to fol-
low the procedure used by Nambu and Jona-Lasinio [18].
Let us consider the massless Thirring model defined by
the Lagrangian (1.3) at m = 0. Then, following Nambu
and Jona-Lasinio we supplement and subtract the term
M+)(z)y(z), where M is an arbitrary parameter with the
meaning of the dynamical mass of fermions. That is sim-
ilar to the Hartee-Fock approximation where a two-body
interaction is approximated by a one-body term. The La-
grangian of the massless Thirring model acquires the form

L(z) = Y(z)(iy"0, — M)(z) + Line(z),  (1.11)

with the interaction Ly (x) given by

Lint(z) = Mp(z)(x)
1 - _
9% @) Y(@)P(@)(e).  (1.12)
Following the Nambu—Jona-Lasinio prescription one can

show that the dynamical mass M satisfies the gap equa-
tion

M = gy"(—=1)Sr(0)7y
_ u/ d’p 1
9T ) @mrEm—p

2
— ML (1 + A) : (1.13)

21 M?2
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where A is an ultra-violet cut-off. Thus the gap equation
reads?

2
M =M J " In (1 + A) (1.14)

M2
There are two solutions of this equation: M = 0 and

A

Ven/s —1

The M = 0 solution is trivial and corresponds to a chiral
symmetric phase with a trivial perturbative vacuum. In
turn, the M # 0 solution (1.15) is non-trivial and is re-
lated to the chirally broken phase with a non-perturbative
vacuum. This chirally broken phase is characterized by the
appearance of dynamical fermions with a dynamical mass
M and ¢ pairing [18]. By retracing [3,5-11] it becomes
obvious that all results obtained there can be assigned
to the M = 0 solution characterizing the quantization of
fermion fields around the trivial perturbative vacuum.

In order to show that the chirally broken M # 0 phase
of the Thirring model is more preferable than the chiral
symmetric M = 0 phase we have to calculate the energy
density of the vacuum state £(M). This can be carried out
only by using the exact expression for the wave function
of the non-perturbative vacuum. In Sect. 6 we show that
the wave function of the non-perturbative vacuum in the
massless Thirring model can be taken in the form of the
wave function of the ground state in the Bardeen—Cooper—
Schrieffer (BCS) theory of superconductivity [23] (see also
[18,22,24]). The energy density £(M) calculated in Sect. 6
has a minimum at M # 0 that satisfies the gap equation
(1.14) and a maximum at M = 0. This is evidence that
for the Thirring fermions the chirally broken phase is en-
ergetically preferable with respect to the chiral symmetric
phase.

It is well known that the chirally broken phase is char-
acterized by a non-zero value of the fermion condensate,
(0]3(0)4(0)|0) # 0. In the massless Thirring model the
fermion condensate is defined by

M= (1.15)

<0|1Z(5U)¢($)|0)one loop — itr{SF(O)} = —% In (1 + ]/\;_2>
M

where we have taken into account the gap equation (1.14).
Below we denote the fermion condensate (1.16) cal-
culated in the one-fermion loop approximation by (i),
(01 (2)2(2) 0)one 100p = (48) = —M /g.
Since the massless Thirring model possesses the same
non-perturbative properties as the Nambu-Jona-Lasinio

2 We would like to accentuate that the gap equation is cal-
culated in the one-fermion loop approximation. As has been
shown in [19-22] the effective Lagrangian of a bosonized version
of a fermion system self-coupled via a four-fermion interaction
is defined by a functional determinant that can be represented
in terms of an infinite series of one-fermion loop diagrams
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model [18], we suggest to recast the four-fermion interac-
tion of the Thirring model into the form given by Nambu
and Jona-Lasinio. After a Fierz transformation

— (@)Y p(x)(2)yup(2)
= (Y(@)Y(x))? + (@) P(x))?,  (1.17)
the Lagrangian (1.3) acquires the form
L(x) = () (i7" — m)y(x)
30 [(B@)0(@)? + B v @) . (L18)

2

In this form the Thirring model coincides with the
Nambu—Jona—Lasinio (NJL) model in 1 + 1-dimensional
space-time. It is well known that the NJL model is
a relativistic covariant generalization of the BCS the-
ory of superconductivity. The wave function of the non-
perturbative vacuum of the NJL model coincides with the
wave function of the ground state in the BCS theory [23].

The main aim of this article is to solve the massless
Thirring model in the chirally broken phase and to de-
rive the equivalence with the SG model. We also want
to show explicitly that this is possible without an enlarge-
ment of the number of degrees of freedom but via a reduc-
tion of them. In fact, in the Thirring model the fermion
field has two independent degrees of freedom. Since the
SG model describes a scalar field with only one degree of
freedom, one of the two fermion degrees of freedom should
die out. How this goes dynamically in a non-perturbative
way should be the matter of our investigation.

In this way it is rather useful to follow the approach de-
veloped in [19-22] for the derivation of effective chiral La-
grangians in the extended Nambu-Jona-Lasinio (ENJL)
model with chiral U(3) x U(3) symmetry [19-21] and
the effective Lagrangian in the monopole Nambu-Jona—
Lasinio model with magnetic U(1) symmetry [22].

This paper is organized as follows. In Sect.2 we dis-
cuss Coleman’s derivation of the equivalence between the
massive Thirring model and the SG model. In Sect. 3 we
bosonize the massless Thirring model. We show that the
bosonized version of the massless Thirring model is a
quantum field theory of a free massless scalar field. In
Sect.4 we evaluate the generating functional of Green
functions in the massless Thirring model and show that
any Green function in the massless Thirring model can be
expressed in terms of vacuum expectation values of the op-
erators e*97(#) wwhere ¥(z) is a massless scalar field with
values 0 < ¥(z) < 2. Using a trivial cut-off regulariza-
tion of the massless ¢ field in the infrared region we obtain
results that coincide with those derived by Klaiber, Cole-
man, Frohlich and Marchetti, but give another relation
between the coupling constant # and g than that given by
Coleman [3]. The problem of the vanishing of the fermion
condensate averaged over the 1 field fluctuations is accen-
tuated. The solution of this problem is discussed in Sect. 8.
In Sect.5 we bosonize the massive Thirring model. We
show that the bosonized version of the massive Thirring
model is just the SG model. We express the parameters
of the SG model in terms of the parameters of the mas-
sive Thirring model. In Sect. 6 we investigate the massless
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Thirring model in the operator formulation. We analyze
the normal ordering of the fermionic operators and chiral
symmetry breaking, the equations of motion for fermion
fields, the current algebra and the energy-momentum ten-
sor. We discuss the phenomenon of spontaneous breaking
of chiral symmetry in the massless Thirring model from
the point of view of the BCS theory of superconductivity.
We use the exact expression for the wave function of the
non-perturbative vacuum and calculate the energy density
of this non-perturbative vacuum state. We show that the
energy density of the non-perturbative vacuum acquires a
minimum just, when the dynamical mass M of fermions
satisfies the gap equation (1.14). Then, we show that the
Schwinger term calculated for the fermion system in the
chirally broken phase becomes depending on the coupling
constant g. In Sect. 7 we show that the topological current
of the SG model coincides with the Noether current of the
massive Thirring model related to the invariance under
global Uy (1) rotation. As far as this Noether current is
responsible for the conservation of the fermion number
in the massive Thirring model, the topological charge of
soliton solutions of the SG model inherits the meaning of
the fermion number. This proves Skyrme’s statement [4]
that the SG model solitons can be interpreted as massive
fermions. In Sect.8 we discuss the spontaneous breaking
of chiral symmetry in the massless Thirring model, the
Mermin—Wagner theorem [25] about the vanishing of long-
range order in two-dimensional quantum field theories and
Coleman’s statement concerning the absence of Goldstone
bosons in the 1 + 1-dimensional quantum field theory of
a massless scalar field. We show that in our approach the
problem of the vanishing of the fermion condensate aver-
aged over the 9 field fluctuations can be solved by means
of dimensional and analytical regularization. We give the
solution of the massless Thirring model in the sense of
an explicit evaluation of any correlation function. In the
Conclusion we discuss our results. In Appendix A we cal-
culate the Jacobian caused by local chiral rotations and
show that by using an appropriate regularization scheme
this Jacobian can be equal to unity. In AppendixB we
demonstrate the stability of the chirally broken phase un-
der fluctuations of the radial scalar field around the min-
imum of the effective potential calculated in Sect.3. We
show that the radial scalar field fluctuating around the
minimum of the effective potential is decoupled from the
system. In Appendix C we give a classical solution of the
equations of motion of the massless Thirring model for
the ansatz discussed in Sect. 6. In AppendixD we give a
detailed description of free massive and massless fermion
fields in 1 + 1-dimensional space-time.

2 On Coleman’s analysis of equivalence

In this section we would like to repeat Coleman’s deriva-
tion of the equivalence between the massive Thirring
model and the SG model within the path integral ap-
proach. Let Zsq and Zpy, be the partition functions of
the SG and the massive Thirring model defined by
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Zsa = /Dﬁexpi/d%{éauﬁ(x)ﬁ“ﬁ(x)
+ Soleospila) - 1)},
Zrn = / DYDY

X eXpl/d2 { )(iv" 0, — m)Y(x)

- ;gzﬂ(u’v)vuw(w)w(w)v”w(m)}- (2.1)

Formally, in order to get convinced that the SG and the
massive Thirring model are equivalent it is sufficient to
show that Zsg = Zry. Coleman suggested to prove this
relation perturbatively. For this aim he developed pertur-
bation theories with respect to o and m [3]. According to
Coleman we have to expand the partition functions with
respect to the interaction terms [3]:

L33() = G5 c0sB9(x) = 525 (A (@) + A ()
LI (2) = —mi(2)d(x) = —m(o(2) + o—(x)), (22)
where [3]
Ay (z) = 5@,
5
7ala) = i) (5 ) wla) (2.3

In terms of the components ¢ (z) and ¢2(x) the fermion
densities o (z) are defined by o (z) = ¥} (x)1 () and
o (x) = U] (@)¢a ().

The expansions for the partition functions in powers
of o and m read

Zsa = Z ! (2ﬁ2> /DﬁeXpl/d2
{;5‘ )" (x }// /dledzxg .2z,

n

HA+ :Ck? +A ( ))7

=1

i% /D¢D¢exp1/d2

n=

0
{ )i B, b(x) lgwxmw(x)wx)w(x)}

// /dxldxg Pz,

< [[ (o4 (@x) + o (1))
k=1

=

(2.4)
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Every term of these expansions corresponds to a vacuum
expectation value of a massless free scalar field ¥(x)3 and
a massless self-coupled fermion field ().

A general term of Zgg can be taken in the form [3]

<O ! HA* (i) [T A= () 0>
k=1 j=1
= /Dﬂe*i(lﬂ)fdeﬁ(:r)(Dw?)ﬁ(x)

XHA+ Tk H

where p is an infrared cut-off regulamzmg the free massless
¥ field in the infrared region. The vacuum expectation
value (2.5) should be taken in the limit 1 — 0 [3].

The evaluation of this Gaussian path integral is rather
straightforward. The result reads

<0T HA+ (i) ﬁ o>

(2.5)

i=1 j=1

p

= exp {262(;0 + n)iA(O)} exp { 2 Z iA(z; — xx)
i<k

+8° ) 1Ay,

i<k

52221A

j=1k=1

) — k) ¢, (2.6)

where the Green function A(z — y) is determined by [3]
Az —y) = 10T (9(x)d(y))[0) (2.7)
and obeys the equation [3]
(O + 1) Az —y) = 6P (z —y). (2.8)
In the limit 4 — 0 the Green function A(z—vy) is given
by the expression [3]

Al —y) = —ﬁ In[—p*(z — y)?].

Using the explicit form of the Green function (2.9) the
vacuum expectation value (2.6) transforms to

)

(2.9)

k:
—exp{;6 (p 4+ n)iA( )} (2.10)
[T1=r2 s — 2274 [T =125 — )27/ 4"
i<k i<k
P | T G T b ’

3 Of course, in reality the ¥ field is a massless pseudoscalar
field. As we show below (see also [3,6-16]) it is related to a
chiral phase of a fermion field. Since we will not use the prop-
erties of the ¥ field under parity transformations, further on
we call it for simplicity a massless scalar field
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in agreement with Coleman’s result (see (4.11) of [3]).
In the limit x? — 0 this vacuum expectation value
behaves like

<0 r HA+ o) [T A- () 0> ~ ()P e
k=1 Jj=1
(2.11)

and vanishes if p # n [3]. An analogous evaluation of the
vacuum expectation value (2.5) has been carried out by
Frohlich and Marchetti [7].

We would like to accentuate that the evaluation of
the vacuum expectation value (2.10) has been carried
out with respect to the trivial perturbative vacuum with
(¥(x)) = 0 and with the trivial two-point Green function
(2.9). Therefore, no non-perturbative properties of the SG
model caused by the existence of non-trivial soliton states
are involved.

Now let us turn to the evaluation of the partition func-
tion Zry. From (2.4) one can see that every term of the
expansion in powers of m is related to the vacuum ex-
pectation value of a product of operators of massless self-
coupled fermion fields 1(z) and ¢ (x)

<O T (ﬁ O-(xk;)0-+(yk;)> O> (2.12)
k=1

:<0 0>.

For the evaluation of these vacuum expectation values
Coleman has decided to follow as close as possible the
results obtained by Klaiber in his lectures [5]. According
to Klaiber’s statement the massless Thirring model can
be reduced to a quantum field theory of a massless free
fermion field ¥(z) by a corresponding canonical transfor-
mation of the self-coupled fermion field ¢ (z) — ¥(z) [5].
The two-point Green function Sr(z — y) of the free mass-
less field ¥(x) is defined by [5]

T (H[iﬁ{(CEZ)L/JZ(%)]W;(yz)ﬁ’l(yz)])
i=1

Sela =) = OTEE@IW)0) = 52—tz (213)

where & — § = y*(x — y),. We would like to emphasize
that the fermion condensate, determined in the usual way,
is equal to zero:

lim 1(0|T'( (y)¥(x))|0) =

Yy—x

— lim tr[Sr(z — y)]
Yy—x

=0. (2.14)
This shows clearly that fermion fields are quantized
around the trivial perturbative vacuum.

The result of the calculation of the vacuum expecta-
tion value (2.12) was obtained by Klaiber [5] and used by
Coleman [3] in the form

0> (2.15)

(007 (T o-towrrst)
k=1
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p n

[T1-72 Gy — a1 T2 g — )0
- i<k i<k
H H[—/jz(%‘ _ yk)2]l+b/7r
j=1k=1

where 1 is an arbitrary scale and the parameter b is given
by [3,5]

(2.16)

The comparison of (2.10) for p = n with (2.15) led Cole-
man to the relation between the coupling constants given
by (1.9) at @ ~ u [3].

The evaluation of the Green functions in the massless
Thirring model carried out by Klaiber within the oper-
ator technique was then confirmed by Furuya, Gamboa
Saravi and Schaposnik within the path integral approach
supplemented by the method of auxiliary vector fields [6].

Thus, we have to emphasize that the fermion fields in
Coleman’s derivation of the equivalence between the SG
and the Thirring model have been obviously quantized
around the trivial perturbative vacuum in the chiral sym-
metric phase. Therefore, it is not a surprise that Coleman’s
relation between coupling constants differs from our rela-
tion valid for fermion fields quantized around a non-trivial,
non-perturbative vacuum in the chirally broken phase.

3 Bosonization
of the massless Thirring model

Within our approach to the equivalence between the SG
and the Thirring model we suggest to start, first, with
the massless Thirring model and bosonize it by integrat-
ing over fermionic degrees of freedom. We consider the
partition function

Zn = /DiﬁD?/_JeXPi/d2${%/;($)17”3u¢(z)
- igw@mw(xw(xww(x)}. (31)

After a Fierz transformation of the four-fermion interac-
tion we get

Zrn = /Dq/)Dzﬁexpi/d%{vfz(x)i'y“aﬂw(x)
+ 2ol @p@)? + (@(@W@M}. 32)

Collective 1) excitations, a local scalar field o(z) and a
pseudoscalar ¢(x) can be introduced in the theory as usual
[18—22]
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oy = / DY DYDoDep
X expi / dzx{iﬁ(w)ivﬂauw(x) — §(@)(o(x)

+ iy’ p(@)(z) - %[02(96) + wQ(z)]}- (3-3)

Integrating over fermionic degrees of freedom we recast
the integrand into the form

Zn = /DUDgoDet(iv“aﬂ — o —iv’p)
x eXpi/d2x {—219[02(x) + <p2(as)]} . (34)

This reduces the problem of the bosonization of the mass-
less Thirring model to the evaluation of the functional
determinant

Det(iy*0,, — o — i7" ). (3.5)

This determinant is related to the effective Lagrangian in
the usual way

Det(iv"9, — o — i7°y)
= exp TrIn(iy#9, — o0 — " p)

= expi/dzx(—i)tr<x| n(iv"9, — o — iy p)|z)

= expi/d2:U£~,31:f(ac)7 (3.6)

where

Lo () = (=i)tr(z|In(iy"d, — o —ir°p)|z).  (3.7)

First, let us drop the contribution of gradients 9,0 and
Oup and evaluate the effective potential Vo (x), ¢(z)] =

—LCH(.’E) 8,,0=0,,9=0"

Dropping the contribution of the gradients 0,0 and
Ou¢p, the evaluation of the functional determinant (3.5)
runs in the following way

Det(iv*0, — 0 — 175§0>‘8u0:8“<p:0
= Det(0 + ')

= expi/de(—i)tr(x\ In(0 + &'P)|z)
2
= expi/d2x/ %ln(—k2 + &1 (2)®(x))
2
= expi/dzx/ ?2:)% In(k3 + &' (2)d(x)), (3.8)

where &(z) = o(x) + ip(x) and kg is the 2-momentum
in Euclidean momentum space obtained from the 2-
momentum k in Minkowski momentum space by means
of a Wick rotation kg = ike [29]. The effective potential
defined by the functional determinant (3.8) amounts to
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—V[o(z), o(x)]
= Eeff( ) 0,0=0,p=0
kg i
- [ (s + @' (00t
_ ﬁ[m? + 0 ()b () In(A2 + &' (2)B(2))
—&1 (2)®(z) In &' () B () — A?). (3.9)

This result can be obtained differently by representing the
effective Lagrangian (3.7) in terms of one-fermion loop

diagrams [22]. Denoting & = ¢ + i7%¢ we get [22]

Leg(z) = —itr <gc ‘ln (iw“@u - gﬁ) ‘ m>
= —itr(z| In(iv"0,)|x)
#)

o i 1
—t
+nZ::1n r<x (i’y“@u .13>

= —itI‘<ZE‘ 1n(1'}/uau)|z> + Z ‘Zc(;flf) (‘T)’

n=1

(3.10)

where the effective Lagrangian ﬁgf}) (x) is defined by [22]
/ H deéd k‘[ —1k1 -y —iko-wo—...—ikn-x

2 ~ ~
n 4m 7l k k+ Kk

- 1 .
B 1)k+k1+ @(x)} (3.11)

-+ I%n—l

at k1+k2++kn:0
Dropping the momenta k;(i = 1,2,...,n — 1) giving
the contributions of the gradients d,o and J,¢ in the

effective Lagrangian we recast ﬁé?f)(ac) into the form

A(n) 11
Lo (x) = - (3.12)
d%k {1 =1 ~ ~ }
[ S liow) ). a8
A non-zero contribution comes only from even n, n =
2m(m =1,2,...)
A2m) o\ 11 /d2k 1
’Ceﬁ (fE) m47r(¢ ( )@( )) (kg)m (313)
(-ym+ta /A dk2,
=—— (O (x)P(x))™
@ e [

where A and p are the ultra-violet and infra-red cut-offs.
For m =1 we get

= €15Jr(x)§l5(m)i In A—Q

~(2)
Lo () iR (3.14)
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In turn for m # 1 we obtain

(71)m T x 2))™m
A (@ )0 ()

) e

The total effective Lagrangian is given by

LG (@) =

Lei(z) = —itr(z|In(iy"0,,)|z) + ' (z)D(x )4i1 Aj
s> C @ @)
1\" 1\"
A7) - ()] o

Summing up the infinite series we arrive at the expression

1
Low(@) = 1~ l(/ﬁ In A% — A% — 2 Inp? + 42)

1ot (2)8(x) In ﬁQ + (A2 4+ o (2)B(2))

i
x In (1 + @(xA)f(f”)) — (u* 4 &7 (2)®(x))
ot ()P
% In (1 + W) ] , (3.17)
i
where we have taken into account that (see (3.8))
1 /A
—itr(z| In(iy*0,)|z) = —/ dk In k3 (3.18)
i J,

1
= E(/ﬁ In A% — A% — p2In g + p?).
Equation (3.17) can be simplified:

;%u—ﬁ)(ﬂ+@@ﬂm

x In(A% 4 &' (2)®(x)) —

Eeff (1‘)
(1* + @' (2)P())

x In (g + &' (2)P(2)) | (3.19)

Setting i = 0 we arrive at the effective potential (3.9).
The total effective potential we obtain by summing up
(3.9) and the quadratic term of (3.3) which has the form

(1/29)0" () ®(x):

w@wam=ﬁﬁwam+%@www

_ ﬁ lqsf(x)qs(x) @' (2)(x)
—(A%2 + &1 (2)D(2)) In(A? + DT (2)D(x))

2

+?@T(x)¢>(x) + A2, (3.20)
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Fig. 1. The effective potential V (p) of (3.21) as a function of
p/A for 2n/g = In2* with k = 1,2 and 3

In the polar representation @(x) = p(x)e”®) correspond-
ing to o(z) = p(x) cos¥(z) and ¢(x) = p(z)sind(x), the
effective potential depends only on the p field and reads

2 X
Vip(o] = = | 7 (3:21)
2 X T
— (A2 4 p*(z))In (1 + p/fz )> + 2gp2(m)} ,

where we have dropped the unimportant divergent contri-
bution (A% — A%1n A2%) /47, This shifts the effective poten-
tial to V[0] = 0.

It is well known that a quantum system has to be quan-
tized around the minima of the effective potential. They
are defined by*

. (3.22)

where p(x) is the vacuum expectation value of the p
field, p(x) = (p(x)). Equation (3.22) has a trivial solu-
tion p(z) = 0 which corresponds to a maximum of the
potential and a non-trivial one

A

Verr/s —1

The only constraint on the existence of the non-trivial
solution is g > 0. This condition is trivial, since according
to the analysis by Nambu and Jona-Lasinio [18] bound
collective 1) excitations can appear in a theory with the
Lagrangian (1.18) only in the case of attraction between
fermions, i.e. for positive g.

The effective potential V' (p) of (3.21) as a function of
p/A is depicted in Fig.1 for 2m/g = In2* with k = 1,2
and 3. One can clearly see the maximum at p = 0 and
the minimum at p?/4% = 1/(2¥ — 1) corresponding to a
non-trivial solution of the gap equation (3.22).

plx) = (3.23)

* The vacuum average (0|V [p(x)]|0) of the effective potential
we carry out in the tree approximation for the p field [19-22].
This yields (0|V [p(2)]|0)tree = V[{p(2))]
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From the second derivative one can see that the ef-
fective potential (3.21) has a minimum only for the non-
trivial solution of p(x) defined by (3.23). We denote this
non-trivial solution p(z) = po.

One can show that py coincides with the dynamical
mass M given by (1.15). To show this we derive the equa-
tions of motion

; _ o)
Syt = -7,
Ba)iib(e) = —@ff), (3.24)

from the linearized Lagrangian defining the partition func-
tion Zty, in (3.3).

The vacuum average (0|¢)(z)(x)|0) of the first equa-
tion of motion in the one-fermion loop approximation for
the 9 field and in the tree approximation of the o field
gives

(0] (2)[0) tree

<0|i(m)w(x)‘0>one loop = — = —p?o, (3.25)

NS

where

(0] (2)|0)ree = (p()) (0] co5 I ()]0
— po cos{09()|0) = po.

Matching the r.h.s. of (3.25) with (1.16) for the fermion
condensate one obtains pg = M. This demonstrates the
complete agreement between the fermionic and bosonic
description of the massless Thirring model. This result
runs parallel to the dynamics of the evolution of the
fermion system in NJL models describing well both low-
energy interactions of hadrons [19-21] and confinement
[22]. Below we would use M instead of py.

Expanding the effective potential around the minimum

p(x) = po + p(x) we get

Vi) = Vipol + 5- (1~ e7/9)7(x)
1

~3
= 2 /g(1 _ A—27/9)\3/2(1 _ —27/g P (‘T)
+ e (1—e )°72(1 — 2e )7/1

ofi)

Keeping only terms surviving in the A — oo limit we
arrive at the expression

(3.26)

VI = (L= P @), (320
where we have dropped the trivial infinite constant V[M].

It is clear from dimensional considerations that the
gradient terms of the p field 0,p(x) appear in the effec-
tive Lagrangian only in the ratio 9, p(x)/A. Thereby, they
vanish in the limit A — oo.

Hence, the effective potential defined by (3.27) implies
that the fluctuations of the p field around the minimum

(3.21) of the effective potential are described by a free
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Fig. 2. The effective potential V (p) of (3.21) as a function of
p and ¥ for 2w/g = 21In2

scalar field p(x) decoupled from the phase field 9¥(x)5.
The p and ¥ dependence of the effective potential V (p)
of (3.21) is shown in Fig.2 for 27/g = In22. For further
investigation of the dynamics of the ¥ field one can inte-
grate out the degrees of freedom related to the p field and
employ the representation
B(z) = o(x) +ip(z) = M@, (3.28)
Hence, a bosonized version of the massless Thirring model
obtained from the chirally broken phase of the fermion
system is defined by only one degree of freedom, a scalar
field 9(x).
In the approximation presented by (3.28) the partition
function (3.4) reduces to the form
T = / DDet (70, — Me™"?), (3.29)

where we have dropped a trivial infinite constant. The
functional determinant can be transformed as follows:

Det(i7"9, — Me'""?)
= Det(ei75’9/2(i'y“8ﬂ +"A, - M)ei“’sﬂ/Q)

= J[Y¥]|Det(iv"0, +v* A, — M), (3.30)
where we have denoted
1
A, (z) = iewa”ﬂ(x). (3.31)

The Jacobian J[¥] induced by a local chiral rotation can
be calculated in the usual way [12-17]. In the appendix we
show that by using an appropriate regularization scheme
this Jacobian can be found to be equal to unity,

J =1. (3.32)
The partition function (3.29) then reads
Zry, = /DﬁDet(iw“@u +"A, — M)
= / Do expi / d*2 Lo (2). (3.33)

The simplest way to calculate the effective Lagrangian
Leg(z) is to represent it in the form of one-fermion loop

® The decoupling of the g field is demonstrated in more detail
in Appendix B

731

diagrams [19-22]. Since M is proportional to A, it is clear
from dimensional considerations that the main contribu-
tion should come from the diagram with two vertices. The
contribution of the diagram with n > 2 vertices falls as
O(1/A"=2) at A — oco. That is why the effective La-
grangian Leg(z) is determined by

Leg(z) = —i(z|trIn(iv*0, — M)|x)

1 2 2 .

4 d xld kle—lkl'(rl—z)
8m (2m)?2

d%k { 1 1 }
X %tr S H = = YL (3.34
/m M—k7 M—k—kl7 (3:34)

Omitting a trivial infinite constant and keeping only the
leading contribution at A — co we get

Au(x)Ay(x1)

1
Lon(w) = 7o—(1 = e~ 2/9)9,9(x)9"I(x), (3.35)
where we have used the relation ,,e"* = —g,.

This result testifies that the bosonized ve?sion of the
massless Thirring model obtained from the chirally broken
phase of the fermion system is a quantum field theory of
a free massless scalar field ¥(z).

4 Generating functional of Green functions
in the massless Thirring model.
Bosonization rules

Now we are able to turn to the problem of an explicit eval-
uation of arbitrary correlation functions in the massless
Thirring model. To this aim we consider the generating
functional of Green functions defined by

ZrulJ, J] = /Dz/ﬂ)wexpi/dZm{z/J(a?)i'y“auw(x)

~ S @B ()

+(2)J (z) + j($)¢($)}
= /Dz/;Dq/)expi/d%{zﬁ(m)iv“@,ﬂp(m)
+%g[(¢7($)¢(x))2 + (Y (@)in P(x))?]

+(2)J (z) +J (x)w(x)}

= /Dz/;Di/_JDJ’Dgo expi/dzx{@/_}(x)i'y”aﬂw(x)

— () (o(2) + v p(2))¥(2) + 9 (2)J (z)
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where J(z) and J(z) are external sources of the Thirring
fields ¢ (x) and ¢ (z). Therewith, the external source J(z),
a column matrix with components .J; () and Ja(x), is re-

sponsible for the production of the 1/); (z) and wi (z) fields,
whereas the external source J(z), a row matrix with com-

ponents J3 (z) and JI(z), produces the fields 11 (x) and
1[)2(1')

Integrating over the fermion fields we arrive at

ZrulJ, J| = /DUD(pDet(ify“au — 0 —iv’p)

x expi/d2:c {219[02(@ + 902(1’)]}

X expi / A2z {—J(a:) e (;) o J(a:)} .

Skipping intermediate steps expounded in detail in Sect. 3
we get

(4.2)

1
ZrulJ, J] = /1)1‘}e>{p1/d2 {16 (1 —e727/9)9,9(x)
7r

. 1
xO*9(z) — J(x — J(x) p.
) = J@) o ey >}
(4

3)

Keeping only leading terms in the 1/M expansion (or
equivalently in 1/A4) we obtain

ZrulJ, J] = /Dﬁexpi/dzx{léw(l —e7279)9,9(x)

x O (x) + %j(x) (1 _275> J(z)e?®)
5 .
+%j($) (1 —;7 ) J(x)e_“%m)}

. 11 o
:/Dﬁexpl/de{ZSW(l—e 27/9)9,9(x)
(

x99 () + %Jf ) Jy(z)e?®

1 .
-I-—J;r (x)J1 (m)e_“%x)

- (4.4)

N

By normalizing the ¢ field, 9(z) — [¥(z), with 8 given
by the condition

87T —27
? =1—e /g,
resembling Coleman’s relation [3], and defining correctly

the kinetic term of the renormalized field ¥(x), we arrive
at

(4.5)

Zrn[d, J] = /Dﬂexpi/d% {;8#19(93)8“19(3:) + %
X J (z) o ()PP 4 %Jg (z)J1 (x)e—iw(@} . (4.6)
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The vacuum expectation value of the fermion fields con-
sidered by Coleman [3],
0>

<0 T (H o (K)o (yk)> (4.7)
k=1
T (H[wg(xk)ﬂfl(ﬂ?k)]W)I(yk)ﬂ@(yk)])

_ <0 o>,

can be represented in the form of functional derivatives
with respect to external sources J) (z), JJ(z) and Jy(z),

JQ(.’E)Z
<0 T (H 0+(xk)0(yk)> 0>
< <H (W3 (k)b (i ][ﬂ(yk)l/)z(yk)})
k=1

i 5 5 5
i 101 (@) 1675 () 1072(Yr) 16T (yi)
XZTh[J, j]

)

(4.8)

|h:b:ﬁ:g:o

Using the generating functional Z7y,[J, J] in the form (4.6)
the r.h.s. of (4.8) can be written as

<o T (H 0+(:z:k)0_(yk)> o>

= < (H [Wd () (o ]M(yk)%(yk)])

= (-1 (A(/) <o o>7

where 6%(0) = [d?p/(2m)? = i [d%pr/(27)? = iA% /4.
The cut- off A is invented to regularize divergences coming
from the closed loops of the ¥ field. The two-point Green
function of the ¥ field (2.9) regularized at x = y is defined

by
, 1 A?

Thereby, the relation (4.9) can be rewritten as follows:

<O T(ﬁ a+(x;€)o_(yk)> O>
k=1

(4.11)
= <0 T (H[wg(ka)%(wkﬂWir(yk)i/&(yk)]) 0>
k=1
T <H[A—(x7)A+(yz)]>

/12 2n
= 0 0),
47 M ;
=1
Relation (4.11) demonstrates the equivalence between vac-
uum expectation values in the massless Thirring model

(4.9)

)

T (H[Awm(yi)])

i=1

(4.10)
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and vacuum expectation values in a quantum field the-
ory of a massless scalar field ¥(x) coupled to external
sources via exponential couplings Ay (x) = eP9() and
A_(x) = e7®) (see (2.3)).

In order to fix the value of A in terms of M we suggest
to evaluate the vacuum expectation value of the operator

(U(@)1(2))? + (P(2)iv*P(2))* = 4oy (v)o— ().

In Sect.6 (see (6.54)) we show that this operator is an
integral of motion and is equal to M?/g?. The evaluation
of the vacuum expectation value of the operator (4.12) can
be carried out with the help of (4.11). The result reads

(O] [((2)w(x))* + ((2)iv* v (2))?] | 0)
<0|40+(x ~(@)]]0)

(hM)z )AL (@)][0)

<27TM

(4.12)

(4.13)

Equating the r.h.s. of (4.13) to M?/g? we obtain the cut-
off A in terms of M and g

A= "

p (4.14)

In the strong coupling limit g — oo we get A — A, whereas
in the weak coupling limit ¢ — 0 the cut-off A vanishes.
The former corresponds to the absence of the ¢ field fluc-
tuations in a free massless fermion field theory.
Using the relation (4.14) we recast the r.h.s. of (4.11)
into the form
)

<0 T (H 0+(xk)0—(yk)>
k=1
- <0 T (HW;(%)%(%)][T/)I(yk)%(yk)])

_ O <O T <ﬁ[A(Ii)A+(yi)]>

22n
i=1

)
0> . (4.15)

where we have used that (1)) = —M/g (1.16).
Using (2.10) the r.h.s. of (4.15) can be calculated ex-
plicitly and reads
O>

(o (T )

> n 2l
_ ) L i) (4.16)
n 2 2
[Ty = @)1 /4 = (s — )/
i<k

_ yk)Z]ﬂ2/4ﬂ- )

H?:l HZ:l [~ (;

where 1A(0) is defined by (4.10). Formula (4.16) repro-
duces, in principle, Klaiber’s equations [5] used further by
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Coleman [3] but with a relation between the coupling con-
stants 3 and g (4.5) different to that suggested by Coleman
(1.9) [3]. The new relation (4.5) is caused by the fact that
in our approach unlike in that of Coleman the fermion
system is in the chirally broken phase.

Relation (4.15) between the vacuum expectation val-
ues can be represented in operator form by the Abelian
bosonization rules

5
zite) (V5

) ¥(@) = LB, (417

They can be derived straightforwardly from the equations
of motion (3.24) for o(x) and ¢(x) connected by (3.28),

where M/g = 7<w7/}>a
5
B (F55) vte) = S e, (aas)

with a subsequent renormalization of the fermion field
V() = Z'/%9)(x), where Z is a renormalization constant.
The parameter Z is invented to remove divergences ap-
pearing in the evaluation of the vacuum expectation val-
ues of A_(x) and Ay (y). If such divergences do not appear
the parameter Z should be set unity, Z = 1. For example,
in one-loop approximation for the fermion field and tree
approximation for the 9 field one obtains Z = 1.

Relation (4.17) is analogous to the Abelian bosoniza-
tion rules derived by Coleman (1.10) in the massive
Thirring model. For the massless Thirring model due to
the employment of the chiral symmetric phase with a chi-
ral symmetric vacuum giving (¢1)) = 0 Coleman’s proce-
dure fails in deriving a relation like (4.17).

In Sect. 6 we show that the Abelian bosonization rules
(4.17) are consistent with the equations of motion for
fermionic fields evolving out of the chirally broken phase.

Using the Abelian bosonization rules (4.17) we are able
to evaluate the vacuum expectation value of the 1 (z)y(x)
operator:

(01 ()(2)[0) = (0]l () + 0 ()]0)
= 227 B0l () + AL @)

~H{g)(0] cos 9(x)|0) = 0, (4.19)

where we have used (2.10) and (2.11).

We would like to emphasize that the vanishing of the
vacuum expectation value (4.19) is caused by the infrared
behavior of the ¥ field. This is related to the y — 0 limit
which takes into account long-range fluctuations. In this
region the ¥ field is ill-defined [26,27] which leads to the
randomization of the ¢ field in the infrared region [28].
Due to this cos 89(z) is averaged to zero [28]. This result
agrees with the Mermin—Wagner theorem [25] pointing out
the absence of long-range order in two-dimensional mod-
els. However, since the randomization of the ¥ field in the
infrared region is fully a 1 4+ 1-dimensional problem, one
can avoid the vanishing of (0[¢(x)y(z)|0) by means of di-
mensional regularization. In more detail we discuss this
problem in Sect.8. There we give also an exact solution
for the massless Thirring model in the sense of the evalu-
ation of any correlation function.
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5 Bosonization of the massive Thirring model

The massive Thirring model differs from the massless
model by the term —ma)(z)1(x) in the Lagrangian, where
m is the fermion mass.

Skipping intermediate steps which we have carried out
explicitly in Sect.2 we arrive at the partition function of
the massive Thirring model given in terms of the path
integral over fermion fields and over fields of collective
excitations

Zn = / DYDY DoDy

< expi | d%{w)iwmu) — mb(e)i(x)
— (@) (o (@) + (@) )

~ L)+ @Q(I)}}- (5.1)

29

By a shift of the ¢ field, m + 0 — o, we obtain

Zmn = / DYDY DoDy exp i / dzx{d;(x)iy”alﬂ/)(x)
— P(x)(o () + iy°p(2))y(x)

—idzl’ 2$ TJ.’E
[0 (@) + & (@)] + - <>},

% (5.2)

where we have dropped an infinite constant proportional
to m2.
Integrating over fermionic degrees of freedom we recast

the integrand into the form

Zrh = /DUD(pDet(i’y“au — 0 —i7’p) (5.3)

1

x expi/d% {[02(:,;) + o2 (2)] + ma(x)} .
29 g

Since the functional determinant coincides completely

with the determinant calculated in Sect. 3, we can imme-

diately write down the total effective potential

V(@' (x), ()]
- 1
= V[Q)t(m)é(x)] + %QT(m)éﬁ(x) — ga(z)
= % o1 (2)®(x) In & (z)P(x)
—(A% 4+ &t (2)B(2)) In(A% 4 & (2)B(x))
21 (z)d(z) — 471'ij T 2
+g¢()¢() . (z) + A%, (5.4)

In polar representation the effective potential (5.4) up to
an infinite constant takes the form

= L P@m D 42y 2

Vip(e),0(z)] -
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Fig. 3. The effective potential V (p) of (5.5) as a function of
p and 9 for 27/g = In 2% and 47m/g = 0.2 in units of A

><ln<1—|—pA(2x)) 2; 2(:c)—47TTmp(z:)
T ) cos ) — 1)} | (5.5)

A graphical representation of this potential as a function
of p and ¥ is shown in Fig. 3 for 2 /g = In 2% and 47m /g =
0.2 in units of A.

For the calculation of the minimum of the effective po-
tential (5.5) we have to calculate the vacuum expectation
value

1 [ren2

p° 2 4
x In (1 + pA(QJI)> + 552(37) - %ﬁ(m) )
where we have used (0]9(z)|0) = 0 and (0| cos ¥(x)—1]0) =
cos(0|¥(x)|0)—1 = 0 which corresponds to the tree approx-
imation for the ¥ field. The first derivative of the effective
potential (5.6) with respect to p(x) is given by

Vp(x),0] = (A2 +p*(x)  (5.6)

Vip(), 0]
6p(x)
1_ A2 2 2mm 1
— w150+ 5 -
=0. (5.7)

The r.h.s of (5.7) can be rewritten in a more convenient
form:

2
5(a) = m+ ﬁ(:z:)% In (1 + p;l(x)> . (5.8)

This result agrees well with the gap equation (1.14) mod-
ified for m # 0,

Mm+Mgln<1+/12>, (5.9)
2w M?
with p(x) = M. By using (1.16) relation (5.9) reads
M —m = —g(i0). (5.10)
The solution of (5.8) is equal to
plz) =M (5.11)

A T m m?
= +7 72/ +O i .
Ve2r/g -1 gl—e =9 A
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Since A > m, our statement concerning the decoupling of
the p field is also valid for the bosonization of the massive
Thirring model. This implies that the bosonized version of
the massive Thirring model as well as the massless one is
described by one degree of freedom, the scalar field ¥(z).
The partition function of the bosonized version of the
massive Thirring model defined in the vicinity of the min-
imum of the effective potential (5.5) acquires the form

Ty = / DiDet(i7"9, — Me""?)

M
X expi/d2xm

= /DﬁDet(i’y“ﬁu +*A, — M)

M
X expi/dzxm (cosd(z) — 1)

g
= /Dﬁexpi/dzxﬁcﬁ(aﬂ),

where A,(z) = (1/2)e,,0"0(x) and the effective La-
grangian Log(2) is determined by

ﬁeff(x) =

(cos¥(z) — 1)

(5.12)

—i(z|trIn(iy"0, — M)|x)

1 d2.'1/'1d kl —1k1 (z1—x)
-5 [ S A,() A1)

/dzk { 1 1 V}
X | —tr —yH —
1 M-k M-k—k

(cosP(x) — 1)

mM
+ (5.13)
in complete analogy with the massless case (3.34).

Omitting a trivial infinite constant and the terms pro-
portional to inverse powers of A leads to

Log(x) = —(1 — e~ 2/9)9,9(x)0"I(x)

167

M
+ I (cos9(z) — 1). (5.14)
g
In order to get the correct kinetic term of the 1 field, we
renormalize the ¢ field, 9(x) — BI(x), where the renor-
malization constant 3 obeys relation (4.5). Introducing a
parameter o

2
mM B ) + e

o =

(5.15)

where we have used (5.10), we transform the effective La-
grangian (5.14) to the standard form of the Lagrangian of
the SG model [3]

Lop(z) = %auﬁ(x)aﬂﬂ(x) + 5lcos Bie) 1), (5.10)

This testifies the complete equivalence of the bosonized

version of the massive Thirring model and the SG model

Zth = Z3a, (5.17)
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with the relation (4.5) between the coupling constants /3
and g.

The generating functional of the Green functions
Zru[J, J] in the massive Thirring model can be derived in
analogy to (4.6), the generating functional of the Green
functions in the massless Thirring model, and reads

ZrulJ, J] = /:Dﬂexpl/d2 {

(cosﬁﬁ( )—1)+ Mﬂ( z)Jo(z )eiﬁﬂ(x)

(2)0" ()

ﬂQ

+MJ2T(x)J1($)e_iM($)}. (5.18)

The Abelian bosonization rules analogous to (4.17) in the
massless Thirring model can be derived from the equations
of motion

- _ o(@)—m
da)i*ula) = - £ (5.19)
Setting o(z) = M cos 89(x) and ¢(x) = M sin f9(x) we
get
5 o . m2
map(x) <1 q;” ) Y(z) = fﬁeilﬁﬁ@ + % (5.20)

Renormalizing the fermion field ¢ (x) — Z/24(z) we ar-
rive at the relation

- 1F+° O 4igy(a) m?
Zmi(x) ( 5 > P(x) = 2ﬂ2€ + 5 (5.21)
For the evaluation of the vacuum expectation value in one-
loop approximation for the fermion field and in tree ap-
proximation for the scalar field, the parameter Z amounts
to Z =1.

The operator relation (5.21) can be considered as a
generalization of the Abelian bosonization rules (1.10) de-
rived by Coleman. The term proportional to m? can be
dropped at leading order in the m expansion [3].

We would like to accentuate that in our case the cou-
pling constant 32 is always greater than 8, 32 > 8. This
is in disagreement with Coleman’s statement pointing out
that the equivalence between the massive Thirring model
and the SG model can exist only if 32 < 87 [3]. Such a dis-
agreement can be explained by different starting phases of
the fermion system evolving to the bosonic phase. In fact,
in Coleman’s approach the fermion system has been con-
sidered in the chiral symmetric phase, whereas in our case
the fermion system is in the phase of spontaneously bro-
ken chiral symmetry. We would like to recall that in the
Thirring model with an attractive four-fermion interaction
the chirally broken phase is preferable.
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6 Operator formalism
for the massless Thirring model

In this section we investigate the massless Thirring model
in the operator formalism. We analyze the normal order-
ing of fermion operators and chiral symmetry breaking,
the equations of motion for fermion fields, the current al-
gebra and the connection of the energy-momentum tensor
0, (x,t) [30] with its Sugawara form [31,32]. We show
that the Schwinger term [33] calculated for the fermion
system in the chirally broken phase depends on the cou-
pling constant g and reduces to the result obtained by
Sommerfield [34] in the limit g — 0. We demonstrate that
Sommerfield’s value for the Schwinger term corresponds
to a trivial vacuum of the fermion system.

We discuss the phenomenon of spontaneous breaking
of chiral symmetry in the massless Thirring case from
the point of view of the BCS theory of superconductivity.
We use the BCS expression for the wave function of the
non-perturbative vacuum and calculate the energy den-
sity of this non-perturbative vacuum state. We show that
the energy density of the non-perturbative vacuum ac-
quires a minimum just, when the dynamical mass M of
the fermions satisfies the gap equation (1.14).

6.1 Normal ordering and chiral symmetry breaking

The Lagrangian of the massless Thirring that we use below
reads

L(xz,t) =: Yz, t)iv'ouu(z,t) :
f%g : 1/_)(x,t)’yuw(x,t)d_)(x,t)’y“w(z,t) 5, (6.1)

where : ... : denotes normal ordering. A vector current
Ju(z,t) and the divergence 0*j,(x,t) can be derived in
the usual way by a local gauge transformation Uy (1) with
a parameter avy (x,t):

Pz, t) — ei‘w(”’t)z/}(x,t),

V() — Pz, t)e iov@t), (6.2)
This changes the Lagrangian (6.1) as follows:
L(x,t) = Llay(x,t)] = L(x,1) (6.3)

— sz, )y (z, t) - Moy (x,t).

Therefore, the vector current j,(z,t) and its divergence
0"j,(x,t) are equal to

Jula,t) = —m =, )y, ) ¢,
" julx,t) = —‘W =0. (6.4)

For the subsequent analysis we need the interaction term
in the Lagrangian (6.1) in the form of a product of currents
Ju(x,t)j*(x,t). In order to understand the replacement

(@, )y (@, Y (@, )y (@, t) == jul@, )" (2, 1)
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we suggest to start with the product j,(x,t)j*(x,t) and
Wick’s theorem to reduce this product to the form of the
interaction term in (6.1). It is useful to employ Schwinger’s
method of separation [33]. Denoting (x,t) — = we obtain

Ju(@)i" (2) = : (@) yu(e) = () eh(e) :
Zgig(l):ﬁ <x+;€) T <x+;s> :

(6.5)

xll_i(x+;5>‘0>’y“¢ <x+;6> :
o o35 )
(e )s )

where € = (€9, ) is an infinitesimal 2-vector.

Now we would like to discuss the contributions caused
by the vacuum expectation values in (6.5). For the free
massless fermion field we get

0>

1Y\ - 1
oy (+3e) o (+3)
_ / 4P 2°IPl = 7'P i(pleo—pet)
47

o0
Ip|

[\

—00

_: {5(52) + il] . (6.6)

2 2

Due to the identity v, v*y* = 0 for a = 0, 1 these vacuum
expectation values taken between v matrices v, ... y* van-

ish:
1 - 1
Vuu <0 ‘1/) <x + 2€> ) <a: F 25,) ‘ 0> v =0. (6.7)

This result persists for the interacting massless fermion
field. In fact, the vacuum expectation values calculated for
the trivial vacuum should have the following general form:

<0 ‘¢ (x + ;g) P (x ¥ ;g) ‘ 0> =@, (1,¢), (6.8)

where @, (z, €) is an arbitrary function, and vanishes again
between the v matrices v, ... v".
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Substituting (6.7) in (6.5) we obtain

Ju()j* (x) = P(e)yup(x) = Y(e)yue(e) :
;i_r)r(l):iﬁ (:r—kis) Yt <$+;€> :
(e ) oo 1)
:g%;q; <x+;6) Yt <x+;s>

xw(a:—;zs)ww<x—;5> s

Therefore, in the trivial vacuum we get the relation

j#(x,tEj”(x,t) B
=: lf(fcat)%ﬂﬁ(mat) - (@, ) yub(z,t) :

= Y(z, )y (z, H)(x, )y (e, t) 5,

where we have taken the limit ¢ — 0 and come back to
the notation x — (x,t).

Due to the relation (6.10), for a system of massless
fermions self-coupled in the chiral symmetric phase with
a trivial chirally invariant vacuum, the Lagrangian (6.1)
acquires the form

X

(6.9)

(6.10)

L(z,t) =:Y(x, t)iv'Ou(z,t) :
— %g : @(w,t)'yuw(m,t) (@, )y (z, t) -

ECRS M CRIE

1 .
= 59du(x,1)j" (@, ).
Now let us show that the fermion system described by
the Lagrangian (6.11) is unstable under chiral symmetry
breaking. In order to reach this aim we rewrite the La-
grangian in an equivalent form:

(6.11)

L(z,t) =: ¢(xit)(i7HaH — M)p(z,1) :
+ M p(x, t)(x,t)

— 50 B () = B, O 1)

(6.12)

and normal order the interaction term at the scale M

: ¢($7f)%1/}(37=t) - '(/7}(1‘715)’7“'(/}(1‘7” :

= 1/1(33»t)%lb(xat)@(xat_)wlb(%t) :
+2 2 1p(x, 1)y, (O (z, 1) (2, £)[0)y* Y (2, 1) -

—tr {301, )5, ]0)7* (01, )b, )[0) }.

(6.13)

The vacuum expectation value in the r.h.s. of (6.13) calcu-
lated in the one-fermion loop approximation for massive
fermions of mass M reads

(0]v(z, t)p(z, 1) 0) — <0 ‘1/) <x + ;5) W <x F ;5) ‘ 0>
_ 7 1By —y'p+ M i(p,e0—pet)
) 4r E,

— 00
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_ e M r 7iM\/572coshgo
7:|:ﬁﬂ /dgocoshgoe
(o)
+% d(pefiJV[\/Eﬁcoshgp
4
c M M
L (iM\/??) + 2K, (iMx/?) . (6.14)
52 2 2T

where E, = (p?> + M?)'/? and K;(z) and Ky(z) are Mc-
Donald’s functions. In the r.h.s. of (6.13) the contribution
of the first term proportional to € vanishes due to the iden-
tities y,éy" = 0 and tr{é} = 0. A non-zero contribution
comes only from the second term that coincides with the
causal Green function of the scalar field with a mass M
and can be regularized in the limit € — 0 by the cut-off
A:

P eTip-e

)2 M2 —p2 —i0
H_)o / d2p M
(2m)21 M2 — p2? —i0

_%1 1+£
T M)

Substituting (6.13) with the vacuum expectation value
(6.14) in (6.12) we obtain

E(ﬂf,t) =: &(xat)(i’)/ua# - M)1/J(£L’,t) :
g (@, (. )d(z, )y ¢(w,t) -

2
%Ko(iM\/?) = M/ (;ﬁ

(6.15)

(6.16)

N | =

+ {M - g%ln <1 + ]A\;ﬂ B, (b

where we have omitted an insignificant constant. Self-
consistency of the approach demands the relation

M A2
M—-—g—In|l4+— =0
Ior < + M2) ’
that is, our gap equation (1.14). This results in the La-
grangian

L(xz,t) =:Y(x, t) ("0 — M)Y(x,t) :
— 50 D b, O, O, 1) -

For M # 0 the Lagrangian (6.16) describes a system of
fermions with mass M in the chirally broken phase. We
conclude that for an attractive two-body interaction the
vacuum expectation values in (6.5) lead to an instability of
the perturbative vacuum. In the next subsection we show
that a stable non-perturbative vacuum can be determined
within the BCS formalism.

(6.17)

6.2 The massless Thirring model in the formalism
of the BCS theory of superconductivity.
Chiral symmetry breaking

We discuss the phenomenon of spontaneous breaking of
chiral symmetry in the massless Thirring model from the
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point of view of the Bardeen—Cooper—Schrieffer (BCS)
theory of superconductivity [23]. We show that the energy
density of the non-perturbative vacuum acquires a mini-
mum, when the dynamical mass M of fermions satisfies
the gap equation (1.14).

The Hamiltonian of the massless Thirring model is
equal to

H(x,t) = —: QZ(Jc,t)wl%w(x,t) : (6.18)

+ 50 D D, 09 1 1)

In terms of the components of the 9 field, a column matrix
P(x,t) = (Y1(z,t),P2(x,t)), the Hamiltonian (6.18) reads

H(I,t) = ¢I(Iat)1%¢l(xat) :

(e )i (1)
+ 29 ] (2, )b (2, ) d (@, D)a (1)

For the further evaluation it is convenient to embed the
fermion system into a finite volume L. For periodical con-
ditions 1(0,t) = (L, t) the expansion of ¢(x, t) into plane
waves reads (see Appendix D):

(6.19)

{u(po, pha(pt)e PP

1
0=

.0 .1
+ o(p’, p )bl (p1)el e (6.20)

The creation and annihilation operators are dimensionless
and obey the anti-commutation relations

{a(p"),a’(¢")} = {b(p"), b (¢")} = 61 g1,
{a(p"),a(¢")} = {a'(p").a(¢")} = {b(p").b(¢")}
= {b'(p"),b"(¢")} = 0. (6.21)

They are related to the annihilation operators of fermions
A(p') and anti-fermions B(p') with mass M by the Bo-
goliubov transformation [18,24]
Ap') = upra(p') = vadl (=p"),
B(p') = upb(p') — vprat(—p").

The coefficient functions w1 and v, are equal to [18,22,
24]:

(6.22)

p'|
T /(p1)2 +M2>’
v = e(ph) % (1 - M), (6.23)

where £(p!) is a sign function, and obey the normalization
condition

wl vl = 1. (6.24)
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The wave function of the non-perturbative vacuum |£2) we
take in the BCS form [23]:

12) = [ [luss + vaal (K1)bT (=kN)]]0),

(6.25)

where |0) is a perturbative, chiral symmetric vacuum. The
wave function |{2) satisfies the equations

A(pH|2) = B(p")|2) =0 (6.26)
and is invariant under parity transformation:
P, )PT =~ (-, 1)
= Pi1(z, )P = o(—a, 1),
7)77[12(30, t)lpJr = q/ﬂ(fxa t)a
Pal (k")PT = +al(—k"),
PuI(EY)PT = —bT(—k"), (6.27)

where we have dropped insignificant phase factors.

Due to the relation (6.24) the wave function of the non-
perturbative vacuum is normalized to unity (£2]2) = 1.
The coefficient functions u,1 and vy depend explicitly on
the dynamical M which we treat as a variational param-
eter.

The energy of the ground state is equal to [23]

E(M) = / dz(QH(z, 1)]2) (6.28)
2
8g 1
= 4 Z pl’l)f)l — f Z ’Uplupl + 5 Z ’Uf)l

pl>0 pl>0

The energy density we define by

E(M) C>Odpl12 1
i S =
i /0 27Tpv(p)

— 89 UOOO gv(pl)uwl)r

Substituting (6.23) in (6.29) we express the energy density
as a function of the variational parameter M:

o] 1 1
E(M) = 2/ dlpl 1
0o 27 (p')? + M>

E(M) = lim

(6.29)

2
< dp! M
— 2¢g b — (6.30)
0 2 /(pl)Q + M?2
The minimum of the energy density is defined by
d < dpt
EM) _ 1y, 2 M
dM o 27 /(p1)Z+ M2
o) d 1 1\2
|0 e
o (M
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This yields the BCS-like gap equation

0 1
Moz [ P (e3)
0 2™ \/(p')? + M?
Calculating the second derivative of £(M) with respect to
M one can show that the BCS gap equation describes the
minimum of the energy density (6.30) at M # 0. Using
the obvious relation

/ 27r,/ +M2 / 2m) 1M2—p —i0
A2
47Tln( M2> (6.33)

we obtain the gap equation (6.32) in the form (1.14).
Using the relations between momentum integrals

(6.33) and
e} 1 1
2/ dipl 1— __r
0o 27 (p')? + M?

2
- —/ éﬁf In(M2 — p? — i0)

/ d?p 2M?
+ +C,
(2m)%1 M? — p? —10

(6.34)

where C' is a infinite constant independent of M, and the
gap equation (1.14) the energy density £(M) can be trans-
formed into the form

1 e, M? ) 9 M?

+ ;Mﬂ +C, (6.35)

where C’ is an infinite constant independent on M.
Using the normalization £(0) = 0 we obtain

M? M 2
2 2 2
+ ”Mﬂ . (6.36)
g
This is evidence for the complete agreement of the energy
density of the BCS-like ground state with the effective
potential V[M] given by (3.21) at p(z) = M:
E(M) =V[M]. (6.37)
Thus, we have shown explicitly that the chirally broken
phase in the massless Thirring model is a superconducting
phase of the BCS type with the BCS non-perturbative
superconducting vacuum.

Since the energy density £(M) has a maximum at
M = 0, it is obvious that for Thirring fermions the chi-
rally broken phase is energetically preferred with respect
to the chiral symmetric phase.
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One can show that fixing M = const and letting A —
oo the effective potential and the energy density tend to
a finite limit £(M) = V[M] — —M? /4. This means that
the energy spectrum of the ground state of the massless
Thirring model is restricted from below for A — oo.

Now let investigate chiral properties of the wave func-
tion of the ground state (6.25) under chiral rotations of
the massless Thirring fermion fields:

V(1) = ' (2,1) = 7 (1),
Dz, t) = P (2,8) = P(a, 1) (6.38)

The operators of annihilation and creation transform un-
der chiral rotations (6.38) as follows [18,24]:

a(k') — d' (k') =
b(k') = V' (k) =
af (k') — o' (k') =
b (k') — bT (K =e (6.39)

The wave function of the non-perturbative vacuum of the
massless Thirring model (6.25) is not invariant under chi-
ral rotations (6.38) and (6.39) [18,24]:

42) = |42, )

= H[uk1 + vkle*mO‘AE(kl)aT(kl)bT(f
k1

1 +1aAa(k ) (kl)7

71aA€ k )b(k )
71041_«,5 (k%) T(k ),
+iaae(k! )bT(k, )

(6.40)
kh)]j0),

One can show that the energy density (M
pend on the phase of the function wvy:.

The scalar product (¢ ; £2|42; cva) of the wave function
for oy # @y is equal to [18,24]

L o0
W 225 08) = — [ d&'
(alp; 2182; an) exp{Qﬁ/O

) does not de-

(6.41)

In the limit L — oo the wave functions |2;a/,) and
[2; s ) are orthogonal for oy, # aa [18,24].

The wave function (6.25) is invariant under parity
transformation: P|£2) = |£2). The operator

x In [1 —sin?(ay — @

=2 " =(p")bi(—p")a’ (p") (6.42)

pl
is invariant under parity transformations (6.27):
PO,PT = O,. Its vacuum expectation value of the

operator O per unit volume can be identified with the
order parameter for the massless Thirring model in the
BCS formalism

(04) = 112/0,]0)

2
= ——= Up1Vy1
LZ p-"p
pl
Y A S
e 2 AP ()

M A2
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where we have used (6.33). The expectation value (O ) is
the fermion condensate

(@1 5000512 = (02 =~ 50 (14417 ) (64

where we have used (O, ) = <Ol>

Thus, we have shown that the ground state of the
massless Thirring model possesses all properties of a BCS
type superconducting vacuum, and our results obtained
by means of the path integral approach are fully repro-
ducible within the BCS formalism.

6.3 Equations of motion and integral of motion

Now let us turn to the analysis of the equations of motion.
Using the Lagrangian (6.11) we derive the equations of
motion
(. 1) = 95" (@, )yt (2, 1),
7ia,uw(xvt)’yu = gw(x,t)'yﬂj”(x,t). (645>
Due to the peculiarity of 1 + 1-dimensional quantum field
theories of fermion fields [32] these equations are equiva-
lent to
i0,0(2.) = aju (o, ()
) + ba_w,j”(ac, YU (x,t),
_laﬂ¢(xv t) = aw(xv t)j,u(xv t)

+ b (x, 075" (2, t)en, (6.46)
where the parameters a and b are constrained by the con-
dition a + b = ¢g5. Multiplying the equations (6.46) by v*
and summing over p = 0,1 we end up with the equations
of motion (6.45).

From the equations of motion (6.46) we can get a very
important information about the evolution of fermions in

the massless Thirring model. For this we write (6.46) in
the form

=0yt (z, ) (x,t)] = 2bej” (z,t)
X [ (x, O)iy* Y (2, 1)),
Az, )iy (a,t)] = 2be, 5" (2,1)
X [(x, )y (x, 1)),

exclude 2be,,,j¥(z,t) and arrive at the equation

B ([0, ) (, )] + [, )iy (2, 1)]?) = 0. (6.48)
This means that the quantity

[(z, )0 (z, )] + [P(z, )¢ (z, )] = const. (6.49)

is an integral of motion. Using the equations of motion
(3.24) and going to the polar representation o(x,t) =
p(z,t) cos Y (z,t) and p(z,t) = p(x,t)sin fI(x,t) we get
[ (2, )y (@, O + [ (@, )iy P, )]
2
t
o (ga;, ) = const.

5 Below we show that a — b = 1/c where c is the Schwinger

term [33]

(6.47)

(6.50)
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Substituting (6.50) in (6.48) we obtain the equation of
motion for the p field

Oap(z,t) = 0. (6.51)

This gives p(x,t) = p(0). The value of p(0) can be fixed
by noticing that for d,p(x,t) = 0 the effective Lagrangian
of the p field is defined by the effective potential (3.21),

Leglp(x,t)] = —=V[p(z,t)]. In this case the equation of
motion for the p field reads
5£eff[p($,t)] — _(SV[p(Qj,t)] =0 (652)
op(x,t) op(x,t)

and coincides with the extremum condition (3.22) with the
solution p(z,t) = po = M. This implies that the solution
of (6.51) which is the equation of motion for the p field
should be p(z,t) = p(0) = M. -

Since the terms [¢)(z, t)1(x, t)]? and [ (z, )iy ¢ (z, t))?
are positively defined, we predict p(z,¢) # 0. This testi-
fies the stability of the chirally broken phase during the
evolution of the fermion system described by the massless
Thirring model evolving from the symmetry broken phase.

Setting p(x,t) = M+p(z,t), where the p field describes
fluctuations of the p field around the minimum of the ef-
fective potential, the equation of motion (6.51) reduces to
the form

Dapla,t) = 0. (6.53)

In Appendix B we show that the p field decouples from
the system. The direct consequence of this decoupling is
p(x,t) = 0 as solution of (6.53).

An example of classical solutions of the equations of
motion (6.45) and (6.46) for fermions evolving in the chi-
rally broken phase and obeying the integral of motion

_ _ M?
[, )9 (a, )] + [P, )iy v (. 1)]* = e (6.54)

is given by the ansatz

M e-‘rw/Qe—iE(w,t)
P(z,t) = /_% <e—w/2e+iﬂ<w»t> : (6.55)

where w is a arbitrary real parameter and {(z, t)+n(z,t) =
BY(x,t). In terms of (6.55) the scalar ¥(x,t)y(x,t)and
pseudoscalar 1 (z,t)iy>1(x,t) densities read

(e, (. £) = —% cos B9z, ),

D, )i (a, 1) = —%sin B9(z,1).  (6.56)

The functions £(x,t) and n(z,t) are found in Appendix C.

6.4 Current algebra and the Schwinger term

The canonical conjugate momentum of the ¢ field is de-
fined by

0L(x,t)

— — ot
= S(et) i (z,t).

(@, 1) (6.57)
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The canonical anti-commutation relations read therefore

{W(z,t),7(y, 1)} =id(x — y)
= {p(2, 1), (y, t)} = 6(x — y).

Using the canonical anti-commutation relations (6.58)
one can see that the equal-time commutation relations
Ju(z,t),ju(y,t)] vanish for each choice of p and v [30].
However, according to Schwinger [29] the equal-time com-
mutation relations [j,(z,t), j,(y,t)] should read

lo(x,), jo(y, 1)] = 0,
o), 329, 0)] = e -5(z — ),
(@, 1), 71 (y, )] = 0,

where ¢ is the Schwinger term [33].

In the massless Thirring model the Schwinger term ¢
has been calculated by Sommerfield [34], with the result
¢ = 1/7. Now let us show that this result is due to the
triviality of the vacuum in the chiral symmetric phase of
the massless Thirring model. We will get another value for
¢ in the spontaneously broken phase.

For this aim we evaluate the vacuum expectation value
of the equal-time commutation relation [jo(x,t), j1(y,t)].
In the one-fermion loop approximation for free fermions
with mass M, sufficient as has been shown above for the
description of the dynamics of a fermion system in the
chirally broken phase, we get

(Olljo (2, £), 41y, 1)]]0)

(6.58)

(6.59)

= (0 (@, )yot(z, 1) 2 Yy, )y, t) :]|0)
_ / ok y)/@ k—q
~ T V(k—q)?+ M?
k
' (6.60)
(k+q)? + M?
For the integration over g,
/@ k—gq k+gq
AT (k=2 + M2 /(k+q)? + M2
/@ q+k B q—k
e RV e N
0 1 i
/ /da g+
1 (¢ + ka)? + M?
00 1
- [
4 q-l—ka )2+ M?)3/2

1

= d
/47r/ “
— 00

-1

kM?

(q2 + M2)3/2

741

_k/”qu?
o1 (q2 + M2)3/2

— 00

_ k/quMQ
w21 (M? — ¢%2 —10)2

1 A2

BACTEE L (6.61)

we used the relation

7qu?
27 (q2 +M2)3/2

/‘12‘1]‘42
w21 (M2 — ¢%2 —i0)2’

The r.h.s. of (6.62) represented in relativistic invariant

form is regularized according to our approach to the eval-

uation of the effective Lagrangians (3.35) and (5.14).
Substituting (6.61) in (6.60) we obtain

(6.62)

(0l[jo(z, 1), j1(y, 1)]]0) i
= (0|[: ¥ (=, t)y0v(z,t) =2 Yy,
1A 9

= iEr Y

tm(y, t) :J0)
(6.63)

Following Schwinger [33] and Sommerfield [34] we write
down the equal-time commutation relation

1 A2 0

[jO(x’t)mjl (y7t)] =

When matching (6.64) with (6.59) we derive the Schwinger
term

1 A2
¢S I (6.65)

For the chiral symmetric phase with M = 0 the Schwinger
term is equal to that obtained by Sommerfield ¢ = 1/7
[34], whereas in the chirally broken phase, when M is de-
fined by (1.15), we get the new value

1
c=-(1

_ e 27/g
- e )

(6.66)

This agrees with the dependence of 32 on g given by (4.5).

6.5 Energy-momentum tensor and its Sugawara form

The energy-momentum tensor 6,,, (z,t) of the fermion sys-
tem described by the Lagrangian L£(z,t) is defined by

Oy (2,1) = % : 8uw(a:,t)m :
RO )
— L(z,t) g (6.67)
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For the massless Thirring model with the Lagrangian (6.1)
the energy-momentum tensor 6, (z,t) reads

0,0 (1) = i ()i 0, 9(2, 1) - (6.68)
b D Do dab(a, )
O i, )
O, i)
— Gt | (@, )iy Oath(x, )

— 309, e, OB, O 1)

As has been pointed out by Callan, Dashen and Sharp [30]
the components of the energy-momentum tensor 6, (z, t)
in the massless Thirring model obey the same equal-time
commutation relations as the components of the energy-
momentum tensor 951,(:1:, t) defined in terms of the vector
current j,(x,t) only:

17. . . .
05V(xat) = 276 j#(x»t)]u(xvt) +jl,(x,t)jﬂ($,t)

- guuja(xﬂt)ja<x7t) ) (6'69)

where ¢ is the Schwinger term. A quantum field the-
ory with currents as quantum variables and an energy-
momentum tensor of the kind (6.69) has been considered
by Sugawara [31].

A direct reduction of the energy-momentum tensor
(6.68) to Sugawara’s form (6.69) can be carried out using
the equations of motion (6.46) as shown by Sommerfield
[32]. Substituting (6.46) in (6.68) with the Lagrangian de-
fined by (6.11) we arrive at the expression:

By (1) = %(a ) [, O ()

+ .jl/(xv t)j;t(x7 t) - glw.joc('ra t)ja(xv t) ’

When matching (6.70) with (6.69) we infer that a — b =
1/c. In the chirally broken phase the Schwinger term is
defined by (6.66).

(6.70)

7 The fermion number
as a topological charge of the SG model

The topological properties of the SG model are character-
ized by the topological current J#(z) [35]:

g

T (w,t) = 30, 0(,b). (7.1)

The spatial integral of its time-component, the topological
charge,
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(7.2)

is conserved irrespective of the equations of motion and
is integer valued [35]. The field e/??(®%)  where 9(z, ) is a
solution of the equation of motion [1],

00(z, t) + %smw(x, t) =0,

maps at any time t the real axis R' onto the circle S!
with a winding number equal to the topological charge ¢
[35].

For a solitary wave moving with a velocity u, the one-
soliton solution of the SG model [1],

(7.3)

the topological charge ¢ is equal to unity:

Iz, t) = %arctan [exp (\/&

r —ut

=)l

In turn, for the anti-soliton solution, 9J(z,t), given by [1]

q= 2 arctan [exp <\/a =1. (7.5)
7

= 4 T — ut
¥z, t) = = arctan |exp | —vVa——— | |, 7.6
(5.0) = Garetan [oxp (—va =2 )| (19
the topological charge ¢ amounts to § = —1.

We argue that in our approach to the bosonization of
the massive Thirring model the topological current (7.1)
coincides with the Noether current related to the global
Uy (1) symmetry of the massive Thirring model. Since this
Noether current is responsible for the conservation of the
fermion number in the massive Thirring model, this allows
one to identify the topological charge with the fermion
number.

For the derivation of the Noether current we write the
effective Lagrangian of the bosonized version of the mas-
sive Thirring model (5.12) in the form

Leg(x) = —i(z|trIn(iy"0, + 1A, — M)|x) + ..., (7.7)
where A, (z) = fe,, 0"V (x)/2 with 8 defined by (4.5) and
included in the definition of the A, field to get the correct
kinetic term for the ¥ field.

Under infinitesimal local Uy (1) rotations with a pa-
rameter ay () the vector field A, (z) transforms as”

Au() = A (@) = Au(@) + duov(a),  (78)

and the effective Lagrangian (7.7) changes as follows:

Lo () = Leoglav ()] = Leg(x)

+1i t 1 H
T M—i'y”(?l,—'y”Al,’Y

" Transformations of fermion fields under local Uy (1) rota-
tions with a parameter av (z) are defined by (6.2)

(7.9)
x> Opary (z).
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The Noether current is defined by [22]

) = -l o

. ¢ 1 u
i(x|tr M—iv”&,—”y”Ayv T ).

The explicit calculation of the matrix element in the r.h.s.
of (7.10) gives

1

T o

JH(x) (1 —e 2"/9) A (z) = %5“”8,,19(96), (7.11)

where we have used relation (4.5).

Thus, the topological current J*(x) of (7.1) is propor-
tional to the Noether current (7.11) with 32 /47 as coeffi-
cient of proportionality.

Since the topological current coincides with the
Noether current related to the Uy (1) symmetry of the
massive Thirring model, which is responsible for the con-
servation of the fermion number, the topological charge ¢
has the meaning of the fermion number.

This leads to the conclusion that the solitons of the
SG model can be identified with fermions, as conjectured
by Skyrme [4].

It is interesting to note that the mass of the soliton [1]
Mo = 8(a)'/?2/3? can be represented in a form resem-
bling the Gell-Mann—-Oakes—Renner low-energy theorem
for the mass spectrum of low-lying pseudoscalar mesons
[36]

M:5201 = (i;l% = _%im@ﬁ(/}) + O(mQ)?

where we have used (4.5) and (5.15).

(7.12)

8 Chiral symmetry breaking
in the massless Thirring model
and the Mermin—Wagner theorem

In this section we would like to show that our approach to
the bosonization of the massless Thirring model does not
contradict the Mermin-Wagner theorem [25]. According
to this theorem there is no spontaneously broken contin-
uous symmetry in two-dimensional quantum field theo-
ries. The essence of the Mermin—Wagner theorem can be
illustrated by the classical Heisenberg model with a con-
tinuous O(n) symmetry, where dynamical variables are
unit vectors S; on a sphere [27]. Following Mermin and
Wagner [25] one can show [27] that there is no sponta-
neous magnetization for n < 3. The applicability of the
Mermin-Wagner theorem to 1 + 1-dimensional quantum
field theories has been pointed out in [26,37,38] (see also
[27,28]). From a dynamical point of view the Mermin—
Wagner theorem states the absence of long-range order in
1 + 1-dimensional quantum field theories.

In this connection Coleman [26] argued that in a 14 1-
dimensional quantum field theory of a massless scalar field
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there are no Goldstone bosons. They accompany, accord-
ing to Goldstone’s theorem [39], the spontaneous breaking
of a continuous symmetry. In order to prove this statement
Coleman considered a quantum field theory of a massless
free scalar field ¢(z,t) with the Lagrangian

1
L(x,t) = §6H<p(:z:,t)8“<p(:17,t). (8.1)
The equation of motion of the ¢ field reads
Op(z,t) = 0. (8.2)

The Lagrangian (8.1) is invariant under the field transla-
tions [40]

gD(JE,t) - cp’(x,t) = ga(x,t) — 2aa, (83)

where ap is an arbitrary parameter. The conserved cur-
rent associated with these field translations is equal to
[40]

Julz,t) = Oup(z, t). (8.4)

The total “charge” is defined by the time-component of
Ju(w,t) [40],

L/2
dr—
t

lim Q(t) = lim
L2 O

Jim Jim o(x,t), (8.5)

where L is the volume occupied by the system.

It is well known that the spontaneous breaking of a
continuous symmetry occurs when the ground state of
the system is not invariant under the symmetry group
[40]. The ground state of the system described by the
Lagrangian (8.1) is not invariant under field translations
(8.3) [40]. Thereby, the field-translation symmetry should
be spontaneously broken and a Goldstone boson should
appear [40].

The absence of Goldstone bosons in the quantum field
theory described by the Lagrangian (8.1) Coleman argued
by stating the impossibility to construct a massless scalar
field operator (see also [27]). This statement has been sup-
ported by the analysis of the two-point Wightman func-
tion [26,27]:

(Ol (x,t)(0)[0) = /%Q(ko)é(]#)eikot—iklz

1 [ dk! 1

= o ; ﬁcos(klx)elk £ (8.6)

which is defined by a meaningless infrared divergent in-
tegral. No subtraction procedure can be devised to cir-
cumvent this difficulty without spoiling the fundamental
properties of field theory, for instance, positivity of the
Hilbert space metric. A massless scalar field theory is un-
defined in a two-dimensional world due to severe infrared
divergences [27]. This corresponds to the destruction of
long-range order pointed out by Mermin and Wagner [27].
However, in spite of the widely accepted statement by
Coleman about the absence of Goldstone bosons in a 1+1-
dimensional quantum field theory described by the La-
grangian (8.1) we argue, nevertheless, that in this theory
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the field-translation symmetry is spontaneously broken in
the sense of the non-invariance of the ground state under
transformations (8.3) and Goldstone bosons appear.

Indeed, it has been pointed out by Itzykson and Zuber
that in the case of the quantum field theory described by
the Lagrangian (8.1) the Goldstone boson is the quantum
of the ¢ field itself [40]. Then, the non-invariance of the
ground state of the system can be demonstrated by acting
with the operator exp{—2iaa@(0)} on the vacuum wave
function |0), i.e. |aa) = exp{—2iaa Q(0)}|0) [40].

For the calculation of |as) we follow Itzykson and Zu-
ber [40] and use the Fourier decomposition of the massless
scalar field p(z,t):

(t)_/oodkll
PN = or oKD

% {a(kl)efikgz‘#ikla: +aT(k1)eik0t4klz} ’

(8.7)

where k° = |k!|, then a(k!) and af(k') are annihilation
and creation operators obeying the standard commutation
relation

[a(k"), a’(g")] = (2m)2k°6 (k" — ¢"). (8.8)

From (8.5) we obtain the total “charge” operator Q(0)
[40]
i
Q(0) = —5[a(0) — a'(0)].

Then, we get the wave function |aa)

(8.9)

laa) = e*QiQAQ(0)|O> — efaA[a(O)*aT(O)]‘m. (8.10)
For the subsequent mathematical operations with the
wave functions |ap) it is convenient to use the regular-
ization procedure suggested by Itzykson and Zuber. We
define the regularized operator Q(0)r as follows [40]:

> a 2 2
de— —x°/L
ot

(S
t=0

Q(O)R = lim

L—oo J_

p(z,t) . (8.11)

o0

The regularized wave function |« )r reads then

laa)r = e 2icaQ(0)r 0)

2VT J s
x [a(kb) —af(kl)]eL2<k‘>"‘/4}|o>. (8.12)

The energy operator of the massless scalar field described
by the Lagrangian (8.1) is equal to

0 / " dat (o, t)

— 00

[ 5 ()]

_ /OO L ke,

oo 2m

(8.13)
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One can easily show that the wave functions |aa)r are
eigenfunctions of the energy operator (8.13) for the eigen-
value zero

H(t)|aA)R:E(aA)|aA>R:O. (8.14)
This is evidence that the energy of the vacuum state is in-
finitely degenerated, and the vacuum state is not invariant
under the field translations (8.3). The wave functions of
the vacuum state |aa)r and |o/y )r are not orthogonal to
each other for oy # aa and the scalar product g {a/y |aa)r
amounts to [40]

r{a]an)r = e~ (@hman)/2, (8.15)

However, since the eigenvalue of the wave functions |a,)
is zero, they can be orthogonalized by any appropriate
orthogonalization procedure as used in molecular and nu-
clear physics.

We would like to emphasize that the results expounded
above are not related to the impossibility to determine the
two-point Wightman function (8.6) in the infrared region
of ¢ field fluctuations. In fact, the analysis of the non-
invariance of the vacuum wave function under the symme-
try transformations (8.3) treats the massless scalar field
at the tree level. This is an appropriate description, since
the massless scalar field ¢ is free, no vacuum fluctuations
are entangled and the quanta of the massless ¢ field are
on mass shell.

Thus, following the Itzykson—-Zuber analysis of the 1+
1-dimensional massless scalar field theory of the ¢ field
described by the Lagrangian (8.1) we have shown that

(i) the translation symmetry (8.3) is spontaneously bro-
ken,

Goldstone bosons appear and they are quanta of the
p field,

the ground state is not invariant under the field-
translation symmetry and

(iv) the energy of the ground state is infinitely de-
generated. Hence, all requirements for a continuous
symmetry to be spontaneously broken are available
in the 1 + 1-dimensional quantum field theory of
a massless scalar field described by the Lagrangian
(8.1).

Now let us show that chiral symmetry in our approach
to the massless Thirring model is spontaneously broken,
i.e. the wave function of the ground state is not invari-
ant under chiral rotations and a Goldstone boson exists.
The fact of the non-invariance of the ground state of the
massless Thirring model under chiral rotations has been
demonstrated in (6.40). The Goldstone bosons are the
quanta the ¢ field and the effective Lagrangian of the
fermion system, quantized around the minimum of the ef-
fective potential (3.21), is invariant under chiral rotations.
In order to show this we suggest to rewrite the partition
function (3.29) as follows:

T, = / DYDYDY exp i / Pz Lo, ¥; 9], (8.16)
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where the effective Lagrangian Log[1), ;9] is determined
by

Lot [th, ;9] = () (10, — M P @)y (). (8.17)

For convenience we have renormalized the 9 field and the
parameter [ is given by (4.5). The Lagrangian (8.17) is
invariant under chiral rotations (6.38)

Leg[th, 59 = L[, 0 0]

= /(@) (9" 8 — M POy (@), (8.18)
where the field ¥/ (x) is defined by
¥ (x) = 9(z) — 2aa /B (8.19)

Such an invariance under chiral rotations is trivially ex-
plained by the Mexican-hat shape of the effective potential
(3.21) depicted in Fig. 2 allowing arbitrary changes of the
9 field around the hill at fixed p.

In the bosonic description the effective Lagrangian
(8.17) is equivalent to the effective Lagrangian depending
only on the ¥ field (3.35)

Lotlf, 5 9) = Logld] = 28,0(x)0"(x),

5 (8.20)

which is invariant under field translations (8.19) caused
by chiral rotations.

Thus, the fermionic system described by the mass-
less Thirring model and quantized around the minimum
of the effective potential (3.21) satisfies all requirements
for a spontaneously broken chiral symmetry as has been
discussed above (8.7)—(8.15). This is evidence that the
bosonization of this fermionic system runs via the chirally
broken phase and is finally described by the Goldstone
boson field 9.

For the calculation of the effective Lagrangian (8.20)
we break chiral symmetry explicitly by a local chiral ro-
tation

P(z) — e_i'ysw(x)ﬂd)(m). (8.21)

This reduces the effective Lagrangian (8.17) to the form
‘Ceff Wa 1% 19}
_ _ 1 ,
=(v) (I’Yuau + §ﬁ7“€uu5 I(z) — M) (). (8.22)

The term proportional to M breaks chiral symmetry ex-
plicitly

Legt[t),39] = Leg[d', 4" 9]
_ TZJI(f) <i’y”3# + %5’7"5#1,3”19(30) o Me2iv5aA> w/(x)

(8.23)

Such a violation of chiral invariance is caused by a gauge
fixing specifying the starting point at the Mexican-hat
for counting of the chiral phase of a fermion field dur-
ing a travel around the hill. Due to the Abelian symmetry
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Faddeev—Popov ghosts do not appear and the Faddeev—
Popov determinant is equal to unity.

Let us show that such a gauge fixing does not affect the
result. The evaluation of the effective Lagrangian of the
field does not depend on aa and coincides with (8.20).

Indeed, the effective Lagrangian of the ¥ field is defined
by the two-vertex fermion diagram

1 d2$1d2k‘1 ik (21—
Leg(z) = _8?/ e o~ ik1(z1 ")Ap(x)Au(m)
d2k 1
X / 7“51‘ {SA’YM
1 M6721'y ap k
1 V}
- Pl
Me 2770 | — |y
1 d2{)31d2k71 ik1-(x .
- —iki-(z1-2) 4 A
ST / (27‘1’)2 € H(x) V(xl)

a2k [ Me=%7en L}
X 7,‘51‘ ﬁ’yu
i M* —k
XM672i»y5ozA _’_]%_,_ ]%1 .
M? — (k+ k)2

1 d21'1d2k1 ikq-( )
= —_-—— - - e Wrlmi—Z A AV
8w / (2m)? ° wo)d (@)

></d?kt 1 1
—Q01r
i M? — k2 M? — (k+ k)2

_ 9 5 _9; 5
X [Me 29 it o= 27 A

_i_];_,y,uMefﬁ'ysozA,yu +M672i’y5a,47,u(];,+]%1)7u

ey (k + km”] } (8.24)
The second and the third terms vanish due to the trace
over Dirac matrices. Therefore, the r.h.s. of (8.24) does not
depend on aa and the result of the evaluation of the mo-
mentum integral leads to the effective Lagrangian (8.20).
This Lagrangian of the ¢ field is invariant under ¢ field
translations (8.19) caused by chiral rotations. As the vac-
uum of the ¥ field is not invariant under (8.19), the sym-
metry becomes spontaneously broken in the way described
above and the Goldstone boson is the quantum of the o
field [40].

This result agrees completely with the derivation of
effective chiral Lagrangians within the ENJL model with
chiral U(Np) x U(Np) [19-22], where Np is the number
of quark flavors. In fact, the starting Lagrangian of the
ENJL model with massless quark fields is invariant un-
der the chiral group U(Ng) x U(Ng). Then, via the chi-
rally broken phase with dynamical quarks the Lagrangian
of the ENJL model after the integration over quark de-
grees of freedom acquires the form of the effective chiral
Lagrangian containing only local boson fields. This effec-
tive chiral Lagrangian is invariant under the chiral group
U(Nr)xU(Np) [19-22]. However, the bosonic system de-
scribed by this effective chiral Lagrangian is not stable un-
der symmetry breaking, and the phase of spontaneously
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broken chiral symmetry is energetically preferable. In this
spontaneously broken phase all vacuum expectation val-
ues of local bosonic fields are defined by parameters of the
chirally broken phase of the quark system described by
the ENJL model [19-22].

Now we are able to discuss the problem of the vanish-
ing of the vacuum expectation value of ¢ (z)1 () in (4.19).
Using the Abelian bosonization rules (4.17) we get

(0 (2)(2)|0) = (0][o4(x) + o ()]|0)

_ %Z‘1<1Lz/1)<0|[A7(x) + Ay (2)]]0)

1. -
527 (0Y)

o / DYe—i(1/2) [ d220() (O+42)0(2)

X(eiﬁﬂ(x) +e—i[319(.r))
— Z—1<1Z¢>e(1/2)[32iﬂ(0)

—1,7 p A /Am
= 27w (17) (8.25)
The cut-off 11 has been introduced by Coleman [3] in order
to regularized the two-point Green function of the 1 field
in the infrared region. Therefore, a regularized correlation
function should be obtained in the limit g — 0. Setting
n =0 we get

<O|TZ($)¢($)‘0>R =0.

We would like to emphasize that in our approach the van-
ishing of the fermion condensate (8.26) is not due to the
triviality of the vacuum. Our vacuum is essentially differ-
ent from the vacua which were used in [3,5-16] as we have
explained in Sects. 4-6.

As has been stated by Itzykson and Zuber [27] such
a vanishing of the correlation function (0[)(z)y(x)|0) is
caused by the sorrowful fact that a massless scalar field
theory is undefined in a 1 + 1-dimensional world due to
severe infrared divergences. [27]. The former leads to a
randomization of the ¢ field in the infrared region that
averages (0|[A_(x) + A4 (z)]|0) to zero [27,28].

Since the problem of the vanishing of the correlation
function (8.26) is related to full extent to the definition of
the massless scalar field in 1 + 1-dimensional space-time,
we suggest to regularize the correlation function (8.25)
within dimensional regularization. In dimensional regu-
larization the two-point Green function of the ¥ field de-
scribed by the effective Lagrangian (8.20) is defined by

)_/ d?p 1
V=] Grpiprrio”
ddp /\2—d
- [ — —e
/ (2m)%i p% +10
_ 1 2 21((2—dy/2) (4= 2
**W[*)\ (x—y)7] =)

where A is a dimensional parameter making the Green
function dimensionless. We fix this parameter below. In

(8.26)

—ip-(z—y)

iA(x (8:27)

—ip-(z—v)
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order to obtain the regularized value iA(0)g, we keep d =
2 — ¢ and set  — y = 0. This yields iA(0)g = 0.
The same result can be obtained within analytical reg-

ularization
A= | (zdg?nﬂ e e ()
2 20—2
- 7/ (;76021 (_;\2 +io)ae*1p.(z7y)
= ¥y T

Keeping a = 1+¢/2 at ¢ — +0 we get again iA(0)g = 0.

Using the regularized Green function iA(O)g = 0
the vacuum expectation value of the fermion condensate
(8.25) is equal to

(0]p(x)(2)|0)R = Z*l<¢21/,>C(1/2),82m(0)R
= Z71(py).

Since there are no divergences we should set Z = 1. This
gives the fermion condensate

(O (@) (2)|0)r = (),

which is in complete agreement with our result obtain
within the BCS formalism.

Thus, we have shown that the problem of the fermion
condensate, averaged to zero by the ¥ field fluctuations,
can be avoided by using dimensional or analytical regu-
larization.

The solution of the massless Thirring model in the
sense of an explicit evaluation of any correlation function

<0T I o+ @o-(v;) o> (8.31)

i=1j=1
runs as follows. Using the Abelian bosonization rules
(4.17) the fermion correlation function (8.31) reduces to
the 9 field correlation function

0>

<oT [TIT 7o)
:W<” TTTIA- (A w) o>
()

(8.29)

(8.30)

(8.32)
i=1j=1
i=1j=1

y //Dﬂe—i(l/Q)fdzzﬂ(m)Dﬂ(m)A_(xi)A+(yj)

p+n
= E§§§p+" exp {252 (p+ n)iA(O)}

P
x exp | 3 Z iA(z; — xg)

j<k
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n

+ 82 1Ay — we) (5 — yk)
i<k j=1k=1
e p
= %exp 5221A(mj — )
i<k
+ 682> 1Ay — we) ﬂQZZIA = Yk) (>
i<k j=1k=1

where we have used iA(0)g = 0 obtained within dimen-
sional and analytical regularization. Assuming now that
all relative distances do not vanish, we should take the
limits € — 40 and take away the dimensional or analyti-
cal regularization of the two-point Green functions. In the
limit € — 40 the Green function iA(x — y) reads

N - )]

iA(z —y) = g

(8.33)
Absorbing the divergent parts of the Green functions in
the constant ZP™™ we obtain the regularized correlation
function

p n
<o T [T o+ (@i)o—(y)) o> (8.34)
i=1j=1
_ ()t
op+n
p n
H[—A (zj — ffk)Q}ﬂa/M H[—)\2(y - yk)Q]BQ/M
i<k i<k
P n
[T TIEA%5 = )27/
j=1k=1
_ T (82 am) (p=n) = ()
optn
p n
[T = 2?1?47 T — w)?)P /2
v i<k <k

{1
j=1k=1

In order to fix a parameter A we suggest to compare
our expression for the correlation function of self-coupled
fermion fields (8.34) with the correlation function of free
fermion fields calculated by Klaiber [5] for p = n and
space-like distances:

<0 T <H0+(xi)0(yi)> 0> (8.35)
=1
TT=@5 =20 [T — ue)?)
1 <k i<k

2m)2n non
R 1§ | (RO

j=1k=1
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Taking the mathematical limit 3?/47 — 1 and setting
p = n we obtain from the comparison of (8.34) and (8.35)
that A = 7w (). Tt is reasonable to choose A\ positive,
A = —7{¢ynp). Using this expression for \ we recast the
correlation function (8.34) into the form

<o T([] [ o+ @s)o—(ws) o>

i=15=1
_ M[4(@”<B2/<4w>>[<p—n>%(p+n>1
opn
p n

[T — 202747 T 1= (g — )27 /4"

i<k i<k
X TR

j=1 k=1

(8.36)

2
i = Uk) 5 /4w

Thus, dimensional (or analytical) regularization of the
theory for the massless scalar ¢ field leads to the expres-
sions for correlation functions which agree fully with the
BCS formalism. We should emphasize that the r.h.s. of
(8.34) does not vanish even if p # n. Recall, that the
vacuum expectation value (8.30) calculated for the trivial
chiral invariant vacuum vanishes for p # n [3,5]. The ex-
plicit evaluation of the correlation function (8.31) in the
form (8.36) implies the solution of the massless Thirring
model in our approach.

The obtained results show that a massless scalar field
theory in 1 + 1-dimensional space-time is ill-defined in
agreement with Coleman’s statements. Therefore, in the
infrared region there are no single-particle Goldstone
states [26]. The Goldstone bosons being the quanta of the
9 field exist in the infrared region in the form of random-
ized ensemble. The fermion condensate, averaged over the
¥ field, vanishes due to the contribution of the randomized
ensemble of infrared Goldstone bosons. Since it is fully
a dimensional problem the application of dimensional (or
analytical) regularization allows one to escape the problem
of the randomization of low-frequency quanta of the mass-
less scalar field ¥ and calculate the non-vanishing value of
the fermion condensate averaged over the ¥ field fluctu-
ations in agreement with the result obtained within the
BCS formalism (6.32) and (1.14).

9 Conclusion

We investigated the problem of the solution of the massless
Thirring model and the equivalence between the massive
Thirring model and the SG model in the chirally broken
phase of the fermion system. We found that the fermion
system described by the massless Thirring model, invari-
ant under the chiral group Uy (1) x Ua(1), possesses a
chiral symmetric phase with a trivial perturbative vac-
uum and a phase of spontaneously broken chiral symme-
try with a non-perturbative vacuum. We have shown that
the ground state of the massless Thirring model in the
chirally broken phase coincides with the ground of the
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BCS theory of superconductivity. Using the wave func-
tion of the ground state in the BCS theory of supercon-
ductivity we have calculated the energy density of the
non-perturbative vacuum £(M) in the massless Thirring
model. We have shown that the energy density of the non-
perturbative vacuum € (M) coincides with the effective po-
tential V[M] (3.21), which is defined by the integration
over fermion field fluctuations, and acquires a minimum
when the dynamical mass M of fermions satisfies the gap
equation (1.14). The mass spectrum of vacuum fluctua-
tions of fermions is restricted from below. In fact, when
M is kept constant at A — oo the energy density tends to
the limit £(M) = V[M] — —M? /4x.

The chiral symmetric phase corresponds to a system
with massless fermions, M = 0, and vanishing fermion
condensate. The chirally broken phase is characterized by
(i) a non-zero value of a fermion condensate, (ii) the ap-
pearance of dynamical fermions with a dynamical mass
M # 0 and (iii) fermion—anti-fermion pairing [18]. The
energy density of the ground state of the fermion system
E(M) reaches a maximum, £(0) = 0, in the chiral symmet-
ric phase and it is negative, £(M) < 0, in the chirally bro-
ken one. Hence, the chirally broken phase is energetically
preferable and the Thirring model should be bosonized in
the chirally broken phase accompanied by fermion—anti-
fermion pairing.

Using the path integral technique we bosonized ex-
plicitly the massless Thirring model. We have shown that
in the bosonic description the massless Thirring model
is a quantum field theory of a massless free scalar field
¥(x). The generating functional of Green functions in the
massless Thirring model can be expressed in terms of a
path integral over the massless scalar field ¥(z) coupled
to external sources of fermion fields via A (x) = e*89(®)
couplings. This allows one to represent any Green func-
tion in the massless Thirring model in the fermionic
description by a Gaussian path integral of products of
Ay (x) = 9@ couplings in the bosonic formulation.
Since these Gaussian path integrals can be calculated ex-
plicitly, this provides a solution of the massless Thirring
model.

The evaluation of correlation functions of massless
Thirring fermions by means of the integration over mass-
less ¥ field fluctuations is related to the Mermin—Wagner
theorem [25], Hohenberg’s [37] and Coleman’s [26] proofs
concerning the vanishing of long-range order for sys-
tems with a continuous symmetry described by quan-
tum field theories in two-dimensional space [25,38] and
1 4 1-dimensional space-time [26]. The vanishing of the
long-range order parameter implies that there is no spon-
taneously broken continuous symmetry in quantum field
theories defined in two-dimensional space and a 1 + 1-
dimensional space-time.

Coleman’s proof of this statement has been focused
upon the impossibility to define a free massless scalar
field theory in a 1 + 1-dimensional space-time. Coleman
found that a free massless scalar field theory is ill-defined
due to meaningless infrared divergences that screen fully
one-particle Goldstone boson states. This screening of a
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pole singularity in the Fourier transform of the two-point
Wightman function is formulated by Coleman as the ab-
sence of the Goldstone bosons in a free massless scalar
field theory in a 1+ 1-dimensional space-time. This state-
ment has been extended by Coleman onto any quantum
system with a continuous symmetry embedded in a 1+ 1-
dimensional space-time [26].

The relation of Coleman’s statement to the Mermin—
Wagner—Hohenberg theorem [25,38] runs in the way ex-
plained, for example, in [27,28]. In fact, the infrared di-
vergences of a free massless scalar fields lead to the ap-
pearance of a randomized ensemble of very low-frequency
quanta of a massless scalar field. Due to this randomiza-
tion the fermion condensate, proportional to cos f9(x),
averages over the 1 field fluctuations to zero.

Using Itzykson—Zuber’s analysis of a free massless
scalar field theory [40] and adjusting it to 1+1-dimensional
space-time we have shown that (i) a continuous symme-
try related to global scalar field translations is sponta-
neously broken, (ii) the vacuum wave function is not in-
variant under symmetry transformations and the vacuum
energy level is infinitely degenerated. Following Itzykson
and Zuber [40] we argue that Goldstone bosons appear as
quanta of a free massless scalar field.

Accepting this point that a continuous symmetry of a
quantum field theory of a free massless scalar field can be
spontaneously broken, we have suggested that the prob-
lem of the vanishing of the fermion condensate in the
massless Thirring model, averaged over the randomized
ensemble of low-frequency quanta of the @ field, can be
solved within an appropriate regularization. We have ap-
plied dimensional and analytical regularizations. By virtue
of these regularization procedures we have succeeded in
smoothing the infrared behavior of the ¥ field and get
the fermion condensate averaged over the 1 field fluctu-
ations to a non-zero value, in complete agreement with
our results obtained within the Nambu-Jona—Lasinio pre-
scription (1.13)—(1.16) and the BCS formalism (6.32).

The bosonization of the massive Thirring model runs
parallel the bosonization of the massless one. Starting with
the fermion system in the phase of spontaneously broken
chiral symmetry we arrive at the bosonized version de-
scribed by the SG model. The parameters of the SG model
can be expressed in terms of the parameters of the massive
Thirring model and read

2
a = —B2m(gy) + %62,

where the fermion condensate is defined by (1.16) and the
coupling constant 5 depends on g via relation (4.5)

87
32
The new relation between 3 and g leads to the fact that in
our approach the coupling constant 32 is always greater
than 8w, 32 > 8. This disagreement with Coleman [3] is

caused by different initial conditions for the evolution of
the fermion system described by the Thirring model. In

=1—e 2"/,



M. Faber, A.N. Ivanov: On the equivalence between sine-Gordon model and Thirring model

fact, when the fermion system evolves in the chiral sym-
metric phase Coleman’s relation between 3 and g is valid.
In turn, if the fermion system starts with the chirally bro-
ken phase the bosonized version of the fermion system is
described by the SG model with the relation between 3
and g given by (4.5) and o = —3*m () +m?3?/g.

The evaluation of correlation functions in the massive
Thirring model in terms of the path integral over the SG
model field can be carried by the Abelian bosonization
rules given by (5.21)

Zmito) (255 ) vio) -

2
. _ & B T

232 2¢

At leading order in the m expansion this expression re-
duces to the Abelian bosonization rules derived by Cole-
man (1.10) [3].

The existence of the chirally broken phase in the mass-
less Thirring model we have also confirmed within the
standard operator formalism. We have shown that start-
ing with the chiral invariant Lagrangian and normal or-
dering the fermion operators in the interaction term at
the scale M we arrive at the Lagrangian of the massive
Thirring model for fermions with mass M only if the gap
equation (1.13) is fulfilled. Using the equations of motion
for the fermion fields in the massless Thirring model we
have shown that the chirally broken phase is stable dur-
ing the evolution of the fermion system when it started to
evolve from the chirally broken phase.

The stability of the chirally broken phase with the non-
perturbative vacuum could in principle be destroyed by
the contribution of the fluctuations of the p field around
the minimum of the effective potential (3.21), the p field
fluctuations®. In Appendix B we have shown that the p
field, rescaled in an appropriate way in order to get the
correct kinetic term, acquires a mass proportional the
cut-off A and in the limit A — oo becomes fully de-
coupled from the system. This result agrees completely
with the Appelquist—Carazzone decoupling theorem [41].
This testifies that the chirally broken phase with the non-
perturbative vacuum cannot be ruined by fluctuations
around the minimum of the effective potential and is fully
determined by the effective potential (3.21).

We have revealed that the existence of the chirally bro-
ken phase in the massless Thirring model changes crucially
the Schwinger term in the equal-time commutation rela-
tion [jo(z, 1), j1(y, t)]. We have shown that the Schwinger
term calculated for the non-perturbative vacuum in the
chirally broken phase depends explicitly on the coupling
constant g. For the chiral symmetric phase and the trivial
vacuum the Schwinger term is equal to the value calcu-
lated previously by Sommerfield [34]. In the limit g — 0
our value of the Schwinger term reduces to that obtained
by Sommerfield.

Now let us clarify the physical meaning of the inequal-
ity 42 > 8m obtained in our approach. For this aim we
suggest to rescale the ¥ field, f¥(z) — ¥(x). Then in nat-
ural units 7 = ¢ = 1 the action S reads

8 This question has been raised by Valerii Rubakov
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1

=&

/d2x [;(%19(:5)3“19(:10) + a(cos¥(z) — 1)
(9.1)

with 0 < 9(z) < 27. This allows one to interpret 32 in
the sense of “k” distinguishing “quantum” and “classical”
states of the SG model. In the classical limit, 52 — 0, we
arrive at a system of classical Klein—-Gordon waves and
solitons. The action S

S— % / 2z B%ﬂ(m)@“ﬁ(m)
2

+ 5 (-mli) + 7 ) (osite) - 1), 02

where for simplicity we have kept the leading terms in the
m expansion, describes in the 32 — 0 limit a theory of
massless classical ¥-waves

Hr,t) =9_(t —z) + 94+ (t+ ) (9.3)
obeying
Od(x,t) = <§t2 — &) Iz, t) =0, (9.4)

with arbitrary functions 9_(¢ — z) and ¥4 (¢t + z). The
mass of Goldstone bosons caused completely by quantum
effects, My = (—m[B?(¢np))'/?, vanishes in the limit 3> —
0. In turn, the soliton mass tends to infinity, My x 1/8 —
00, and solitons decouple from the system.

For 32 > 8 the mass of the Goldstone boson becomes
greater than the mass of a single soliton:

Msol_ 8
My — (2 =

1. (9.5)

This implies that in the “quantum limit”, 32 > 1, the cre-
ation of non-perturbative soliton configurations is energet-
ically preferable with respect to the creation of Goldstone
bosons. This yields that at 82 > 8w, when My > M,
the Goldstone bosons are decoupled from the system and
there exist practically only solitons. Hence, the inequality
3% > 8 corresponds to the non-perturbative phase of the
SG model populated by soliton states only.

We have shown that the topological current of the SG
model coincides with the Noether current of the massive
Thirring model related to the Uy (1) invariance. Since this
Noether current is responsible for the conservation of the
fermion number in the massive Thirring model, the topo-
logical charge of the SG model has the meaning of the
fermion number. Since many-soliton solutions obey Pauli’s
exclusion principle, this should prove Skyrme’s statement
[4] that the SG model solitons can be interpreted as mas-
sive fermions. Thus, via spontaneously broken chiral sym-
metry the massive Thirring fermions get converted into
extended particles with the properties of fermions and
masses much heavier than their initial mass
2 64 2 2
Mo = _@m<¢¢> + O(m ) >m-.
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Finally, we would like to mention that recently [42] one of
the authors suggested a generalization of the sine-Gordon
model to 3+1-dimensions. This model has also stable soli-
tonic excitations characterized by a winding number defin-
ing a chirality for fermions. The results obtained in the
present paper can be of use for the derivation of the
model suggested in [42] as a bosonized version of the 3+1-
dimensional NJL model with chiral SU(2) x SU(2).
Numerous applications to hadron physics of the chi-
ral soliton model based on the linear ¢ model of Gell-
Mann and Levy, the extended linear o model and the
Nambu-Jona-Lasinio quark model with SU(2) x SU(2)
and SU(3) x SU(3) chiral symmetry one can find in papers
written by Goke with co-workers starting in 1985 [43].
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Appendix A. Chiral Jacobian

In this appendix we adduce the calculation of the Jacobian
induced by chiral rotations in (3.30). We show that by
using an appropriate regularization scheme this Jacobian
can be found to be equal to unity. We follow the procedure
formulated in [12-17]. For the calculation of the chiral
Jacobian we start with the Lagrangian implicitly defined
in (3.29) and (3.30)

Ly(x) = () (", — Me" P @)y ()

= P(z)D(x; 0)y (), (A1)
where D(z;0) is the Dirac operator given by
D(;0) = in*8, — M), (A.2)
By a chiral rotation
(o) = e 2y (@),
d(x) = x(a)e VL, (A-3)

where 0 < o < 1, we reduce the Lagrangian (A.1) to the
form

Ly(z) = x(2)D(x, a)x(z).

9 After this paper has been completed we became aware of
the paper by Vigman and Larkin [38]. In a 1 + 1-dimensional
chiral invariant model with four-fermion interactions Vigman
and Larkin investigated the problem of the appearance of
a fermion mass. Analyzing the infrared asymptotic behavior
of the one-particle Green function in the approximation of
a large number of fermion fields Vigman and Larkin showed
that fermions become massive as a result of four-fermion in-
teractions. The vanishing of the fermion condensate has been
declared as the absence of spontaneous symmetry breakdown

(A4)
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The Dirac operator D(z;«) reads

1
D(z;0) = in"0, + 5&7“75(')“19(33)

_ Mell—a)y*9(x) (A.5)
At a =1 we obtain the Lagrangian
Ly(x) = X(z)D(z,1)x(x) (A.6)

@) (10, + 372 0,0(a) = M) x(a),

where the term —My(z)x(z) has the meaning of a mass
term of the x(z) field (see (3.30)).

Due to the chiral rotation (3.30) the fermionic measure
changes as follows:

DYDYy = J[9]DXDy. (A.7)

For the calculation of J[J] we follow Fujikawa’s procedure
[12-17] and introduce eigenfunctions ¢, (z; @) and eigen-
values A, (a) of the Dirac operator D(z;a):

(A.8)

In terms of the eigenfunctions and eigenvalues of the Dirac
operator the Jacobian J[1J] is defined by [13,14]

D(z; a)on(z; @) = Ap(@)pn(z; a).

J[¥] = exp 21/0 daw(¥; o], (A.9)

where the functional w[¥; o] is given by [13,14]

1 .
lim 37 gl (@10) 5770 (@) o (1)

AF*}OO
lim + [ d2a0(z)
Aplgloo 2 t *
d2k ; .
< [ el el ).

For the calculation of the matrix element (z|...|z) we use
plane waves [12-17] and get

w[d; o =

(A.10)

<x|eiD2(m;oz)//112T ‘JZ>

— oxp {Al% [sz — 20 cos((1 — a)d(z) )"k,

1 .
+5109"9"7°9,0,9(x) + M2 =)

+(1 — 2a) M~4*4°8,9(x) cos((1 — a)d(x))
+i(1 — a)M~*0,9(z) sin((1 — a)¥(x))

1
—40428“19(@8“19(3:)] } . (A.11)
Substituting (A.11) in (A.10) we obtain
lim /dzktr{'ﬁ(ﬂceiDg(“o‘)M%M)} (A.12)
Ap—00 (277)2 ’

1 1
— _ZahAt
= 47Ttr{ 571" 0,0,9(x)

— M?sin(2(1 — a)d(z))}

= i[—a@“@uﬂ(x) —2M?sin(2(1 — a)d(z))].
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The functional w[¥, a] is given then by

wld, ] = 8i7r /dZmﬁ(x) [ — a0"0,9(x)

—2M?sin(2(1 — a)ﬁ(x))} . (A.13)
Inserting w[d, @] into (A.9) and integrating over o we get
the Jacobian

J[9] = expi / d%[%@“ﬂ(m)@,ﬁ(x)
2
—i-%(cos 29(z) — 1)} (A.14)
A
For the derivation of the first term we have integrated by
parts and dropped the surface contributions.

Our result agrees well with that obtained by Dorn for
the massive Schwinger model [16]. However, Dorn pointed
out that the term proportional to M? is renormalization-
scheme dependent and it is unambiguously defined if one
insists on vector gauge invariance [13,15].

Since the Thirring model is not vector gauge invariant,
the term proportional to M? may not be well defined and
may, in principle, be removed by an appropriate regular-
ization. First, let us give physical reasons for the absence
of this term. Indeed, the term in (A.14) proportional to
M? does not depend on the derivatives 9,,9(x). Therefore,
it contributes to the effective potential. However, we have
calculated the effective potential explicitly in (3.5)—(3.21)
and have shown that it does not depend on the 1 field.
Therefore, one can conclude that the determinant (3.29),

Det(iv"0,, — Me™"?), (A.15)
is invariant under global rotations, #(x) — ¥(x)+6, where
0 is an arbitrary constant. On the other hand, after the
chiral rotation (3.30)

Det(iy*0,, — Me”s’?)

1
= J[¥]Det (i’y“@u + 55“”'y“8y19 - M) , (A.16)
the determinant

1
Det (i'y“@u + 55“”%8”19 — M) , (A.17)

depending only on the gradient of the 1 field, is also invari-
ant under global rotations, ¥(x) — ¥(x) + 6. This proves
that the Jacobian J[¥] should not violate invariance un-
der global rotations, ¥(z) — ¥(z) + 6, and the presence
of the term proportional to M? in (A.14) is a problem of
the regularization procedure.

In order to confirm our statement mathematically we
suggest to use for the evaluation of the Jacobian the reg-
ularization procedure expounded in [44]. The functional
w[¥; o is determined as follows:

1
=Y _eh(xia)57™

(@)¢n(z;0)
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— liy 100 e @)gn(ri0)

—hm—%d/\/\ /d2x Iz
s—0 271

X/(2 )28%(5’3 Q)V m@n(méa)

s—0 271 C

x/((;;_l;tr{<1|fy5)\_l)lw|:c>}. (A.18)

For plane waves [44] the matrix element is given by
d%k

[19a—hm—7{d/\/\ /d2 / 5
s—0 271 (2m)

xtr{ 5
A=8(z;0)) — 175P(x; a) —(

>
_|_
b
0
Q
——

)
(A.19)
where we have denoted
fl(z; @) = ’y“%aewa”ﬂ(x),
S(z;a) = M cos((1 — a)d(z)),
P(z;a) = M sin((1 — a)¥(x)). (A.20)

Due to the algebra of Dirac matrices the r.h.s. of (A.19)
can be reduced to the form

2
[ﬁa_hm—j{dm /d2 /dk
s—0 7'('1

iMY(x)sin((1 — )
N2t M2 — oM cos((1 — a)d(x ))

(A.21)

(k + A(z; )

As the integral over k is logarithmically divergent, it does
not depend on a shift of k. Making a shift k+ A(x; ) — k
we arrive at the expression

d2k
w[; o] fhm—]{d/\)\ /d2 /
s—0 271

" iMd(z)sin((1 — «)? x))
A2+ M2 — 2X\M cos((1 — a)d(x)) — k2

2
fhm—%d)d\ /d2 /dkE
s—0 271

" M(z)sin((1 — a)?
A2+ M2 —2)\M cos((l - a)19( )+ k3’

(A.22)

where we have passed to Euclidean momentum space.
The chiral Jacobian is now defined by

9] = exp {21 /O " dould: a]}

(A.23)
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2
2111111—7{(1/\)\ /d2 /dkE
s—0 27 (

:exp{
M3 (z)sin((1 — a)d(z))
X/O doss 7 2AM cos((1 — a)i(x)) +k]23}'

Integrating over @ we obtain

d?k 1
o 2 E —s5—1
J[Y] exp{ 21/d / 52 iﬂ% Qmj{Cd)\)\

X In + (A - M)?
KL+ (N — M) —2A\M (cosd(z) —1) | |~
(A.24)
Taking the limit s — 0 we get
d%kg 1 dX
2 E
J[] = exp{ 21/d / 72 2m o h (A.25)

(A — M)
— 2AM (cos¥(z) —

o)}

The integrand over A has a pole singularity at A = 0. Since
the contour C' is closed around the pole singularities [44],
integrating over A we obtain

J[9] = 1.

“ﬂ%+u T

(A.26)

Thus, we have shown that the Jacobian of the chiral
rotation transforming the functional determinant (A.15)
into the functional determinant (A.17) gets the unit value
within an appropriate regularization scheme.

Let us further show that the result J[J] = 1 is retained
even if we integrate first over kg. Integrating over kg we
obtain

1
JW] = exp{m/d%s lim —% A8
s—=0 21l Jo
M A2 M

X [4 In <M2> (cos¥(z) —1) — E(COS I(z)—1)
)\2
)|
where Ag is an ultra-violet cut-off that should be taken in

the limit Ag — oo.
Setting s = 0 we recast the Jacobian into the form

J[Y) exp{?i/d2x21ﬂ_i Cd)\ {fﬁ <f;2)
X (cos9(z) — 1) — %(cosﬂ(:c) S

% In (1 _ 2% cos () + ;2)] } (A28)

The first term is equal to zero due to Cauchy’s theorem.
Thus, the Jacobian is determined by

x In (1 - 2% cos¥(z) — (A.27)

J[Y] = exp {i/de];p(cosﬁ(:r) —1)

™

1
X —

dzIn(1 — 2z cos¥(x) + 22)} , (A.29)
T Jo
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where we have changed variables A/M — z. The integral
over z can be calculated as follows:

%dzln 1 —2zcosd(x) + 2?)

2mri
dzIn[(z — V@) (z — 7 10@)]

27T1 C

=— ¢ dzln(z — V@)
2ni Jo
1 )

+27r1 ; dzIn(z — e V@)
1

=— ¢ dzlnz=0. (A.30)
m™ Jo

The r.h.s. of (A.30) vanishes due to Cauchy’s theorem
which allows one the contraction of the contour C to a

contour of zero length. This leads again to the chiral Ja-
cobian (A.26).

Appendix B. Stability of chirally broken phase
under p field fluctuations

Here we discuss the stability of the chirally broken phase
under p field fluctuations. For this aim we calculate the
effective Lagrangian of the p field and demonstrate the
decoupling of the p field.

The evaluation of the effective Lagrangian of the p field
runs in the following way. First, we rewrite the functional
determinant (3.5)

Det(iv"0, — 0 — iv°p)
= Det(iy"9, — pe'”)

= Det (/2 (19, + 7 A — p)e"""?)

= Det(in"0, + 7" A — p), (B.1)
where A, is given by (3.31)
1

Au(x) = 5,070 (). (B.2)

2

In (B.1) we have used the fact that the Jacobian of the
chiral rotation is equal to unity, see (A.26).

Secondly, we make a shift p = M 4+ p and represent the
functional determinant in the r.h.s. of (B.1) as follows:

Det(iv"0, + 7" Ay — p)
= Det(iv*0, — M +~"A,)

1
Det (1 — 5) .
e ( ify“@#MJr”y“A#p)

The determinant Det(iy*0, — M + y*A,,) describes the
effective Lagrangian of the ¢ field that is given by (3.35).
It is convenient to recast the determinant containing the
p field into the form

(B.3)

1
Det | 1 — o
¢ ( ivho, — M—i—'y“A#p)
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1
=Det(1————p
¢ ( iy1a, — "
. , 1
ivho, — M Viyﬂaﬂ—Mp
1 1
_ o F A
ivho, — M YO v

1 .
It is obvious that even if the scale of the p field is of
order O(M), the contribution of the ¥ field should be of
order O(9,9/M). This implies that the ¥ field is decoupled

from the p field and (B.4). This allows one to consider the
approximate form for the determinant (B.4)

1
Det(1— 0
¢ < i'Yuau_M‘i"V“Aup)

1
~Det|l——F———p].
¢ ( i’y“@H—M'D)

The effective Lagrangian of the p field is then given by

Leg[p(z)] = —itr <x In <1 - m,s> m>
M 1 ()

—5-p(@) = —p

29 29
The last term comes from the measure of the path

(B.4)

—i6®(0) In (1 + (B.5)

integral in the polar representation [45]: DoDyp =
DetpDpD¥ =  exp{6®@(0) [d%xInp(z)}DpDY =
exp{6®(0) [ d®xIn (M

+ p(2)) }DpDY. This adds a contact term —i5® (0) In(1 +
p(x)/M), which serves to cancel divergences appearing
from the loop contributions of the p field [45,46].

It is obvious that the effective potential of the p field
independent of gradients 0,p(x) is completely defined by
the effective potential (3.21) and can be written as

VIp)] = o | (4 + 2Mp(x) + ()

x In <1+2’~'J(\;)+ ﬁ;ﬁ)
—(A% 4+ M? 4 2M p(x) + p*(x))
n p* () )

Mp(x)
AZ + M2 A2 _|_M2

x In (1 +2 (B.6)

where we have used (3.22).

In order to understand what kind of rescaling of the p
field should be carried out it is sufficient to calculate a two-
vertex diagram contribution keeping only the contribution
of the gradient 9,p(z). It reads

5 1 R ; 1
£30ui)] = g-0uilo) [ do | 3=
0

753

1
A2+ M2+ a(l-a)O

9°5(x). (B.7)

Expanding the integrand in powers of 1/M? and 1/(A% +
M?) we obtain

@ v L A? .
Eeff [8ap(.%‘)] - S M2(/12 + MQ)aa,O(.%‘)a p(.’IJ)
1 A(A% 2MP)
48T M4(A2 + M?2)2

X 0a0pp(x)0%0° p(x) + (B.8)

In order to get a correct kinetic term we have to rescale

the p field
M2
In terms of the v field the Lagrangian (B.8) reads
A2
1+ -
) _ 1 o 202 1
Legr [Oav(2)] = 50av(2)0%0() + gﬁ@
2M?2
X Do 05v(2)0%0 v (z) + (B.10)

Hence, higher gradients of the v field would enter in the
form of the ratios O(d,/M) and can be dropped at leading
order in the 1/M expansion.

Thus, the effective Lagrangian of the rescaled p field,
the v field, is defined by

Leglv(z)] = %aav(x)aav(x) - %MfN[v(x)], (B.11)

where M,, = 2M is the mass of the v field. This agrees with
the classical Nambu-Jona-Lasinio model [19-22], where
the mass of the o meson is twice the mass of the dynamical
fermions. Then, the functional N[v(z)] is equal to

1 M?
= 877{ 1 167 (1 + m)v(a:)

+4r (1+> ] 167r< Ajj)v(m)
+47f( ) 0] - (1+55)
1+ ]\j \/;6:/]1\22 (z )+47r]\j22v2(x)]

2 2 2
1+ M Mv(z) + 471'M112(x)]} .

Nlv(z)] (B.12)

e R e e ve A2

Expanding the functional N[v(z)] in powers of v(x)
around v(z) = 0 we obtain

N[v(@)] = v*(z) + O(v*

(2)). (B.13)
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Since for the derivation of effective Lagrangians the
ratio M?2/A? is fixed at A — oo, the functional
exp {—(i/2)M? [ d®zN[v(x)]} reduces in the A — oo limit
to the functional § function ov(x)]:

exp {;Mg/d%zv[v(x)]} g 1:[5[11(1)]. (B.14)

Thus, the generating functional of Green functions of the
v field

Z|q] :/Dvexp{;/de
X [8av(m)8av(x) — M2Nv(x)]

—i6®(0) In (1 o+ [4m (1 + Aﬁ)v(x))
i / d%q(ag)v(x)}

reduces in the A — oo limit to the form

2l = / Dudly] exp{; / d2x8av(at)8av(x)}.(B.16)

(B.15)

The appearance of the ¢ functional, d[v], is evidence that
the classical value of the v field is zero, v (z) = 0.

The generating functional (B.16) does not depend on
the external source g(z). This confirms the decoupling of
the v field that corresponds to the decoupling of the p field.
Thereby, no contributions can appear due to fluctuations
of the p field around the minimum of the effective potential
(3.21). This implies the stability of the chirally broken
phase and the non-perturbative vacuum described by the
effective potential (3.21) under fluctuations of the p field.
We would like to accentuate that the decoupling of the p
field agrees fully with the decoupling theorem derived by
Appelquist and Carazzone [41].

Appendix C. Solutions of equations of motion
(6.45) and (6.46) for the ansatz (6.55)

It is easy to show that for the ansatz (6.55) the equations
of motion (6.45) reduce to the form

o 0 .
_ (aﬁaz) €(x,t) = Me™,

9 0 o
(&—&Jn(x,t)—Me )

whereas the equations of motion become split into a set
of first order differential equations

0 M a—b ., a+b _,
_Z (x,t)—g<—|— 5 ¢ + 5 ¢ ),

(C.1)
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0 M({ a-b_, a+b _,
_axg(x,t)—g<— 5 € + 5 € ),

M b —-b
an@¢>:<+a+ et 4 8 ew),
g

ot 2 2
0 M a+b ., a—-b _,

Due to the relation a + b = g the equations of (C.1) are
consistent with (C.2). Using the relations a+b = g and a—
b=1/c(C.1) and (C.2) can be rewritten in the equivalent

form
0 0 M,
(815_895) {(z,t) = et
0 5] w
and

The solutions of the differential equations (C.4) and (C.4)
read

a%w:@—%w%wmwwhwu+m

M
n(z,t) =no + MeT¥(t — x) — ge_“’(t +z), (C.4)
where &y and 7 are integration constants and c is the
Schwinger term (6.66).

For d(x,t) we obtain

e t) = S[E(x.t) + n(z 1)

8
_Sot+mo M (1 wip
R (1 90> et -a)
M 1\ .

where 3 is defined by (4.5).

Thus we have confirmed the consistency of the equa-
tions of motion (6.45) and (6.46) and their consistency
with the ansatz (6.55).

Notice that the factors et“ can be removed by an ap-
propriate Lorentz boost. This yields

ﬂ%@z&—%@—@—Mﬁ+@

1 1
S (TR P A
gc gc

nm®:m+MU*@*%U+@

1 1
(1= L)oo (14 L)
gc gc
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B, t) = g(JJ”7(J+M(1—;C> (t— )

B

(C.6)

This simplifies the solutions following from the ansatz
(6.55) describing a helical wave as discussed in [1].

Appendix D. Quantum field theory
of free massive and massless fermion fields
in 1 4+ 1-dimensional space-time

The main aim of this appendix is to specify the definitions
of massive and massless fermion fields in 1+ 1-dimensional
space-time.

Let 1(x) be a free massive fermion field with mass m
obeying the Dirac equation of motion

(19,0 — m)u() = 0.

The quantization of field ¢ (x) goes via a solution of (D.1)
in terms of plane waves:

[ dpt 1
W(z) = /_ s
x [u(p, p)a(p")e 77 +v(p’, p )bt (p)e 7]
zw’r( ) 0

(D.1)

(@)

> dp! 1@ o (1P
/wmm[pp)(p)

+o(p%, p)b(p)e 7], (D.2)

where p - x = pP2° — ip'al. The creation a'(p!)(b'(ph))
and annihilation a(pl)(b(pl)) operators of fermions (anti-
fermions) with momentum p! and energy p° = ((p')? +
m?)'/2 obey the anti-commutation relations

{a(p"),a’(¢")} = {b(p"),b7(¢")} = 6(p* — "),
{a(p"),a(q")} = {a’ ("), a’(¢")} = {b(p"),b(¢")}
= {o'(p"),b7(¢")} = 0. (D.3)
The wave functions u(p°, p!) and v(p®, p') = u(—p°, —p!)

are the solutions of the Dirac equation in the momentum
representation for positive and negative energies, respec-
tively. They are defined by

u(pO pl) _ Vp0+p1
9 \/W 9

a(P”,p') = (Vp° — p1 V1" + pb),
o(p, pl) = vp?+p!
’ —/p —p' )’

9% p") = (=vVp° — P, VPO + pY)

(D.4)
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at p° = ((p')? + m?)'/? and normalized to

The functions u(p®, p
matrix relations:

—(_ po+p1> —V/p0 =P Vp® +ph)

p? —pt

_ <_ (0)2 — (p1)2 20+ p! )
p°—p =/ ()% = (p')?

()

Tl —m

=1%" —4'pt —m=p—m. (D.6)

The causal Green function of a free massive fermion field
Sr(x — y) is defined by

Se(a —y) = {O|IT (Y (x)¥(y))[0)

— i0(2° — yo)/m dp' 2 — 'l 4 m
o 2T 2p0
we— i’ (@ =) +ip! (a' —y")
% dpl A0p0 — ~lpl _
_ie(yo_xo)/ dp y'p" =y p —m
oo 2T 2p0
xe 1P (¥’ —a")+ip! (v —a) (D.7)

where 6(z°) is the Heaviside function.
Using the integral representation for the Heaviside
function [47]

% 4 0 iqoz0

8(=") :/ s

oo 2migY =10

we recast the r.h.s. of (D.

()<(
-

wel(d®—p’

(D.8)

7) into the form

2)(y))[0)

/ © A0 — 4p! £ m
21 2p0(q0 —i0)

)(z°

y%)+ip! (:rf ')
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/ / dg® 7°p° —~'pt —m
2 2p9%(qY —i0)
Xe*lq*p)r*y) ip! (' —y")
_/ * dg" %’ —4'p" 4+ m
N oo 27 2p (p° — ¢% —i0)
xe—ia (2" —y )+1p (z'—y")
/ / d¢°® 7p —'p' —m
27 2p0(p°® 4 ¢° — i0)
we—ia’ (@ —y)—ip! (&' —y")

B /°° d?p m+p

) (2m)2m2 — p2 —i0
xe P (@=y), (D.9)

A direct calculation of the integral over p yields
Sp(z —y) = Eﬂ}(l (m —(z — y)2>
o\~ y)?
.m B}

+1%K0 (m —(x —vy) ) . (D.10)

For the product (—i)vy,Sr(x — y)y" we get

. m
(=) Sk (@ — )" = - Ko (my/~(w = y)?) . (D.11)
At (x —y) — 0 this agrees with our calculation of
Yu(0lY(z, t)(x,t)|0)y* given by (6.14) and (6.15).

The solution of a massless fermion field can be ob-
tained from the solution (D.2) in the limit m — 0. The
functions u(p®, p') and v(p°,p') are defined by (D.4) at

0 1
P’ =p'l

We would like to emphasize that our solution for a
free massless fermion field has a phase convention different
from that used by Thirring [3] and Klaiber [5] who set

u(po,p) = v(po, p)
[ Vpo+p) 0(+p)
- (\/po —p> - \/%<9(—p)>’ (D12)

where 0(+p) are Heaviside functions.
The causal Green function Sp(z —y) of a free massless
fermion field is defined by

Se(a —y) = (OT @I
= i0(z° — y°) (0 (2)¥(y)|0)

—i0(y" — 2°) (0| )y " ()[0)

=if(x° — yo)/ dp !

2m 2p0°
we— i’ (@’ =) +ip! (a' —y")

. > dpt 1
o [

oo 2m 2P

s [u(p’, p")u(p°, p")]

[, P (", )]
s~ i’ (@ =) +ip! (a' —y)

o qpl A0p0 — A1p1
:ie(xo_yo)/ dp" " —v'p
oo 2T 2p0
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w1 (@ =y")+ip! (z' —y")
0( 4,0 oy [ dpt 1% —9'p!
—i0(y" —x7) IV E—
Lo 2m 2p
w1 (" —2")+ip! (y' —2")

= ie(2® — %) (@ — 9)6((x — y)?)

1 -9
2 (z —y)?
1 Z—g
_ : D.13
27 (x —y)? —i0 - e(a® — y0) ( )

where g(z" — y%) is a sign function. This is a well-known
expression for the causal Green function of a free massless
fermion field in 14 1-dimensional space-time [48] (see also
[47]).
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